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LOCAL VANISHING PROPERTIES OF SOLUTIONS
OF ELLIPTIC AND PARABOLIC QUASILINEAR EQUATIONS

BY
J. ILDEFONSO DIAZ AND LAURENT VERON

ABSTRACT. We use a local energy method to study the vanishing property of
the weak solutions of the elliptic equation — div A(z,u, Du) + B(z,u, Du) =0
and of the parabolic equation 8y (u)/dt—div A(t, z, u, Du)+ B(t, z,u, Du) = 0.
The results are obtained without any assumption of monotonicity on A, B, 4
and B.

1. Introduction. In this paper we study some local vanishing properties of
weak solutions of elliptic and parabolic quasilinear equations of the following form:

(EE) —div A(z, u, Du) + B(z,u, Du) + C(z,u) =0,
and
(PE) g—t-zﬁ(u) —div A(t, z,u, Du) + B(t, z,u, Du) + C(t,z,u) =0,

where A (resp. A) is a vector valued function defined in @ x R x R (resp. Rt x {1 x
RxRN), B (resp. B) is areal function defined in @ x RXRY (resp. Rt x(xRxRN)
and C (resp. C) a real valued function defined in (2 x R (resp. Rt x (1 x R) and
where 1 is a continuous nondecreasing function vanishing at 0. The functions A,
B, C, A, B, C and v are required to satisfy the following structural assumptions

for some constants Ci,...,C4, M1,..., M4 and ¢ and some exponents q, o, 3, o
and m which will be made precise later.

(E1) |A(z,7,p)| < Ci|p|? Y(z,7,p) €A xR xRN,

(E2) A(z,7,p) -p > Calp|?*! VY(z,r,p) € xR xRV,

(E3) |B(z,7,p)| < Cs|r|*|p|® V(z,r,p) € QxR xRN,

(E4) C(z,r)r > Cqlr|°t! V(z,r) €Q xR,

(P1) |A(t,z,7,p)| < My|p|? V(t,z,r,p) ERT x A x R xRV,
(P2) At,z,7,p) - p > Ma|p|7™! V(t,z,m,p) ERT x A x R x RV,
(P3) |B(t,z,7,p)| < Ms|r|*|p|® V(t,z,7,p) eRT x A xR xR,
(P4) Ct,z,r)r > My|r|°t! V(t,z,r) eERT x A x R,

(P5) f(r) =19(r) = j(r) > c|r|™+D/™ vr eR,
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where j(r) = for 1(s) ds satisfies the A condition. An important particular case
of (EE) is the equation

(1.1) —div(|Du|?" ' Du) + |u|" " 'u =0,

which appears in the study of a stationary isothermical single reaction [4] or in
the non-Newtonian stationary fluids theory [29] (¢ > 0, ¢ = 1). As for (PE), an
interesting particularization is

(1.2) % —div(ID(vfo|™ )T D(wfo|™ 1)) + ol Tt = 0,

which appears in filtration with absorption of gases in porous media (¢ = 1) [20],
spatial diffusion of a biological population [18] and in the study of nonstationary
non-Newtonian fluids (m = & = 1) [29]. It must be noticed that (1.2) is linked to
(PE) in setting 0 = 6/m and u = v|v|™~1.

Our paper deals with the following vanishing properties:

(A) if u 15 a weak solution of (EE) in By, (zo) = {x € Q: |z — zo| < po}, then
there exists p1, 0 < p1 < po, such that u(z) =0 Vz € B,, (x0);

(B) if u is a weak solution of (PE) in R x B, (o) and u(0,z) = 0 Vz €
B, (20), then for any t < to there exists p(t), 0 < p(t) < po, such that u(t,z) =0
Yz € B, (zo);

(C) if u is a weak solution of (PE) in R X B, (20) and u(0,z) = 0 Vz € B, (z0),
then there exists p1, 0 < p1 < po, such that u(t,z) =0 V(t,z) € RT x By, (o).

If, for the sake of simplicity, we assume C3 = M3 = 0, our main results can be
summarized in the following way:

(1) under hypotheses (E1)-(E4) property (A) holds if we suppose C2 >0, C4 >0
and 0 < o < g

(I1) under hypotheses (P1)-(P5) property (B) holds if we suppose Ma > 0, My >
0,0 >0 and mq > 1;

(III) under hypotheses (P1)-(P5) property (C) holds if we suppose My > 0,
My > 0,0 >0, m>0, q>max(o,1/m) and if the “energy’ of u in R X B,y (z0)
s finate.

As a consequence of those three local vanishing estimates we have the following
three global results.

THEOREM I. Assume C2 > 0, C4 > 0,0 < 0 < q and u € L*T(RN) n
WLt (RN) 45 any weak solution of

(1.3) —div A(z,u, Du) + C(z,u) = f(z)

in RN, where f € L+V/(RN). If f has its support in B,,(0), then there exists
p1 > po depending on ||f| La+11/e(mry and the structural constants C1, C2, Cy, g,
o and N such that suppu(-) C B,, (0).

THEOREM II. Assume My >0, My >0,¢ >0, m >0, mg>1andu s a
weak solution in Rt x RN of

(L.4) %1/1(11) —div A(t,z,u, Du) + C(t,z,u) =0
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such that j(u) € CO(R*;LL _(RN)). Assume also that for any p > 0 and t > 0

loc

there exists a constant K = K(t,p) such that for any y € RN

t
(1.5) supess/ f(u(r, z))dz+/ / A(r,z,u, Du) - Dudzdr < K.
B,(y) 0 JBy(y)

<t

If the initial data up of u vanishes outside Bgr(0), then there ezists a nondecreasing
function defined on Rt such that R(0) = R and suppu(t,-) C Bg)(0) for any
t>0.

THEOREM III. Assume M2 >0, My > 0,0 >0, m >0, ¢ >0, max(s,1/m) <
q and u is any weak solution of (1.4) in R x RN such that

j(u) € CORY; L, (RY)).

Assume also that u satisfies the same condition (1.5) as in Theorem II. If the
iitial data ug of u vanishes outside Bgr(0), then there exists Ry > R such that
suppu(t,-) C Bg,(0) for any t > 0.

More general results involving C3, M3, a and 3 will be given in the sequel. The
phenomena described in (A), (B) and (C) are already known for solutions of (1.1)
and (1.2) ([11, 13, 14, 16, 19|, etc.) but they have always been obtained on the
basis of comparison principles where the monotonicity of the different operators is
crucial. On the contrary our method is just an energy method and no assumption
of monotonicity on A, B, C, A, B and C is needed. Moreover it is a unified method
and the proofs of I, IT and III are parallel. Roughly speaking, the idea is to multiply
the equation (EE) or (PE) by u, to integrate in some ball of radius p, B,(zo), and
to use Green’s formula. We then obtain a first order differential inequality involving
the energy E(p) of u concentrated in B,(zo) of the type

d
(1.6) Kp"°d—pE(p) > (E(p)**
In case (B), K = K(t) is a power of ¢. Integrating (1.6) we obtained estimates
for p1 = p1(po, E(po)) such that E(p;) = 0 and then

(1.7) u(-) =0 a.e. in B, (zo)

(p1 depends also on t in case (B)). In cases (B) and (C) we also assume u(0,-) =0
a.e. in B, (o). A key-stone tool for such a program is an interpolation-trace result
which will be proved in §4.

This energy method was first introduced by Antoncev [3] in a pioneering but
very formal work where he essentially obtained a result of type II in the framework
of Lions’ existence results [28] for solutions of (PE). We give here a rigourous proof
of his result in a more general situation.

It must also be noticed that our results hold in some cases of variational inequal-
ities (take o = 0).

ACKNOWLEDGEMENTS. This paper was partially written while the second au-
thor was visiting the Universidad Complutense in the framework of the Scientific
Cooperation between France and Spain.
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2. The elliptic equation. In this section () is an open subset of RN, N > 1,
A, B and C are Carathéodory vector valued (for A) or real valued (for B and C)
functions defined in 2 x R x RY (for 4 and B) or in  x R (for C) satisfying (E1),
(E2), (E3) and (E4).

DEFINITION 2.1. A locally integrable function u defined in {1 is a weak solution
of (EE) if

(i) Du e LEH(Q), ¢ > 0,

(ii) B(-,u,Du) € L}, (),

(iii) C(’u) € Llloc(Q)’

and for any ¢ € C§°(12) the following equality holds:
2.1) / {A(2,u, Du) - Do + B(z, u, Du)p + C(, u)p} dz = 0.
Q

We set B,(z0) = {z: |z — 20| < p} and S,(z0) = dB,(xp). Our main result is the
following

THEOREM 2.1. Suppose C2 >0, Cy >0,0<0<q,0<8<q+1, a=
oc—PB(c+1)/(g+1) and C3 < Cy4 (resp. C3 < C2) if =0 (resp. B=¢q+1) or

g b1 \@HOV gy g Alar)
g+1- ﬂ) ( 27)

if0< B < q+1. If u is a weak solution of (EE) in Q, zo € ) and pg s such that
0 < po < dist(zg,0), then u(z) =0 a.e. in By, (zo), where

(2.3)

v

Py =po—

(2.2) C3 < <C4

c min {_ﬂL
(e+1)/(g+1)<r<t | T(g+1) -0 -1
where C = C(Cy,C2,C3,C4, N, q,0,3) and

(2.4) E(p) = / A(z,u,Du) - Dudz, b(p) = / lu|*! dz,
B, (z0) By, (o)

g-0 o+1l-1(g+1)

max(L, o) max(b"(po),b"(po))} ,

(25) k=N(g-o0)+(c+1)(¢g+1), n= EES) - ,
(g+1)—0—1 1-7)(¢g+1) . K
(2.6) VE oy uE e, V= D

REMARK 2.1. If p; < 0, then B, (z0) is empty and we have no information
on the vanishing set of u. But if the total energy of u in B,,(zo) defined by
E(po) + b(po) is not too large, then p; > 0 and there truly exists a vanishing set of
u in B,y (zo). The exact value of p; is not easy to compute through (2.3), moreover
if min(b(po), E(po)) = 0, then pg = p1, which was obvious from the hypotheses.

LEMMA 2.1. Under the hypotheses of Theorem 2.1, A(-,u,Du) - Du, |u|"*?,
|A(-,u, Du)|u and B(-,u, Du)u belong to L'(B,,(z0)) and for almost every p €
(0, po) we have
(2.7

~

/ A(z,u, Du) - Dudz + Cy /
Bﬂ(IO)

[u|]o Tt dz + / B(z,u, Du)udz
Bp(Io) Bp(xo)

< / A(z,u, Du) - Duds,
Sp(zo)

where 7 = U(x) 1s the outward normal vector at x € S,(zo).
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PROOF. From the definition we deduce with standard Poincaré and Sobolev
inequalities arguments that u € L"(B,,(zo)) with 1/r =1/(¢+1)-1/Nifg+1 < N
or r < +oo if g+ 1> N. Hence u € L°+!(B,,(z¢)). From Holder’s inequality and
(E3) uB(z,u, Du) is integrable in B,,(zo) and it is the same with |A(z, u, Du)|u
s0 fS,,(zo) A(z,u, Du) - Puds exists for almost all p in (0, po).

We now define for m € N, T,,(u) = sign(u) min(m, |u|) and for n € N and
p € (0, p), we consider the sequence of functions ¥y [0, po] — R* such that

{1 if r €[0,p— 1/n,

(2.8) Ya(r) =<0 if r € [p, po),

-n(p-r) ifrelp—1/np]

From a result of Stampacchia [33], ©nm(z) = Tm(u(z))¥n(|z — 2o|) belongs to
Wyt (B,,(z0)) s0 it is an admissible test function and we have

(2.9) / {A(z,u, Du) - Dop m + B(z,u, Du)pn,m + C(,u)Pn,m} dz = 0.
By (zo)
But
/ A(z,u, Du) - Dpy m dz
By (z0)

= / {¥nA(z,u, Du) - DTy (u) + Tpn(u)A(z, u, Du) - Dy, } dx.
Bp(xo)
We deduce from Lebesgue’s theorem as m goes to infinity that

/ Yn{A(z,u, Du) - Du + B(z,u, Du)u + C4|u|"+1} dz
Bpo(xo)

(2.10)
< —/ uA(z,u, Du) - D, dz.
By (z0)
But
—/ uA(z’ u, Du) *Dppdz = n/ uA(z,u, Du) T dzx.
By (o) p—1/n<|z—z0|<p |z — 3;0|

Using spherical coordinates (r,w) with center zo we have

n/ uA(z,u, Du) - Z720 gy
p—1/n<|z—z0|<p |$ - ICOl

p
= n/ / uA(z,u, Du) - orN ! dw dr,
—1/nJSN-1

where z = rw. From Lebesgue’s differentiation theorem and the fact that r —
Jsn-1uA(rw,u, Du) - IrN~1dw € L*(0,po), we deduce that for almost all p €

(Oa .00)’

n—oo

P
(2.11) lim n/ / uA(rw,u, Du)-orN " dw = uA(z,u, Du)-Uds.
p—1/nJSN-1 S,(zo0)

Going to the limit (n — 00) in (2.10) we deduce (2.7).
The keystone of the proof of Theorem 2.1 is the following interpolation-trace
result whose proof will be given in §4.
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LEMMA 2.2. Suppose G is a bounded open subset of RN, N > 1, with a C!
boundary 0G and 0 < 0 < q < 00. Then there exists a constant C depending on o,
q and G such that for any v € WH9+1(G) we have
(2.12) [vllze+1aG) < CUIDV|Let1(c) + ||U||Lv+1(G))0||U||i3f1(c),
where § = (N(g—0) +0+1)/k.

As a consequence we have

COROLLARY 2.1. If in Lemma 2.2 we suppose that G = B,(zo), p > 0, then
for any u € What(B,(z0)) we have
(2.13)

el a+1(,(m0)) < CUIDUI La+1(8, (o)) + ° ull o1 (B, (z0)) 1l 12713, (20))
where 6 = k/(q+1)(0 +1) and C = C(N,0,q).

PROOF. For the sake of simplicity we suppose zo = 0 and we perform the
following change of variable: z = py, z € B,(0), y € B1(0). If u € Wh4t1(B,(0)),
the function v defined by v(y) = u(z) belongs to W19t1(B;(0)) and from (2.12)
we have
(2.14)  [ollze+r(s, 0y < CUIDY| a1 (5,0 + 0l o+1 (81 0) M0l 1o 5, (0

But Dv(y) = pDu(z),

N/(o+1

[lvllLo+1(By0)) =P~ NullLo+1(8,(0))>

D]l La+1(By(0)) = P* V9TV || Dul| Lo+ (B, (o))

and
[0l La+1(s5(0y) = o~ N "D/ @D |u] ars (s, (0))-
As
N N-1 1-0 N _,
g+1 0(g+1) 6 o+1
and
N + N-1 1-6 N _ N(g-09)+(e+1)(g+1)
o+1 0(g+1) 6 o+1 (g+D(oc+1)

we get (2.13).
PROOF OF THEOREM 2.1.
First step. There exists a constant Cs = C5(C2,Ca, g, 0,3), Cs > 0, such that

(2.15) E(p) + Csb(p) + /B ( )B(x, u, Du)udz > Cs(E(p) + b(p)).

When 8 = 0 or 8 = g+ 1 this is clear; when 0 < 8 < ¢ + 1 this can be seen as
follows: from (E3) we have

/ B(z,u, Du)udz| < Cg/ |u|**!| Dul? dz.
B, (z0) B, (z0)

Using Young’s inequality, we have for any ¢ >0 and 7 > 1

(T=1) —1/-1) | DulBr/(= 1),
T

(216)  [ul"*![Duff < Sl +
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If we choose 7 = (0 +1)/(ac+ 1), then f7/(7 — 1) =g+ 1 and

(2.17) [u[***|Dul? < eq“:fr—lﬂlul““ + E—f_ls_(q“_ﬂ)/ﬂlDuqu,

which implies

(2.18)
g+1-p BCs (41—

B(z,u, Du)udz| < eC3——Lb(p) + =——2— e~ (a+1=-B)/BE ().

fB,(u) (5.0 Dujuds| < eCo T by 4 O (0)

As Cj satisfies (2.2) it is possible to find € > 0 depending on g, 8, C3, C4 such that

M < C4 and _ﬁgé_s—(qﬂ-ﬂ)/ﬂ <1.

2.1
(2.19) e | Ca(g+1)

If we set

. q+1—ﬁ BCS —( +1-ﬂ)/ﬂ}
= — 1-— q
C5 min {04 603 T’ 02( 1)6

we get (2.15).
End of proof. From (2.7) and (2.15) we have

(2.20) C5(E(p)+b(p))§/s( )A(a:,u,Du)~17uds

and

/ A(z,u, Du) - Duds
Sp(zo)

q/(g+1) 1/(q+1)
<c / | Du|7+ ds ( / juj+1 ds) .
Sp(zo) Sp(zo0)

In spherical coordinates (w,r) with center zo we have

p
E(p) = / / A(rw,u, Du) - Dur™ =1 duw dr;
0 SN—I.

hence E is almost everywhere differentiable and dE(p)/dp = [gn_, A(pw,u, Du) -
DupN~1dw and from (E2) dE(p)/dp > C; fs,,(:o) |Du|9%1ds. So we get (using
(2.13))
(2.21)

dE\ ¥/ (a+1) . s 0 0
Bp)+bp) < K (S2) (B + () a0 ()0,

where K = K(Cy,C,Cs, N, 0,q, 3). Moreover for 0 < 7 < 1, we have
E(p)1/(Q+l)b(p)(l—9)/0(o+l) + péb(p)1/0(0+1)
= E(p)"/(a+1p(p)7(1=0)/6(a+1)p( 5)(1-7)(1-6)/0(o+1) 1 ...
+ PP b(p) M/ (@HD+T(1=6) 6o+ 1) )\ 1/8(a+1)=1/(a+1)=7(1-8)/B(o+1)

If we set
(2.22) Ko = max(b(pg) 1~ (A1=0)/(0+1) p( o) (1-7(1=6))/(e+1)=6/(a+1))
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we get from Young’s inequality

E(p)/ @tV p(p)(1=0)/6(a+1) | sp(p)1/6(e+1)
2.23
22 < 20°Ko/* max(1, pg®)(B(p) + b(p)) VDT,

Hence we deduce
(2.24)

B 1OV (e _ dE\ ¥/(at+1)
(B(p) +b(s) -2/ D=0/ < 2Ky man(t, %) (42)

dp
Let K; = (2K Ko max(1, pg®%))(@+1)/4, Then E satisfies the differential inequality

(2.25) Klpﬁo(qﬂ)/q‘fi_E > E(p)1+(1—0)/q—r(1—9)(q+1)/q(o+1)‘
2
Integrating (2.25) yields (if 7(¢ +1) —o —1>0)
Klq(a + 1)
(1-0)(r(g+1)—-0-1)
(2.26) X {E(po)(l-e)(f(tﬁ-l)-v—1)/0(0+1) _ E(pl)(l—e)(f(tﬁl)—0—1)/0(0+1)}
q 1-66(14+1/q) 1-60(1+1/q)

. L - .

Sy PG p )
Hence if
(2.27)

—56 —66
p} (1+1/Q):p(1) (1+1/q)

Ki(o +1)(g - 66(g+1)) E(po) 1~ (a+ ) =o=1)/(ale+D)),
(1-0)/(r(g+1) -0 —-1)

then E(p;) = 0 and E(p) = 0 for p < p; so (2.21) implies b(p) = 0 which means
u(z) = 0 a.e. in B,(zo) for p < p;. If we compute the exponents we have

1\ K (1-0)(r(g+1)—0—-1) 7(g+1)-0-1
1_60<1+_>_q(0+1)’ g(o +1) B K ’

which implies (2.3) with (2.5) and (2.6).
REMARK 2.2. We can relax the hypotheses on a and § in assuming that u €
Lo (1), which is the case if

loc
(2.28) |C(z,7)| < Ce|r|? + D,

Ce and D being some constants (see [26]). From (2.17) it is easy to see that we
just have to suppose a > 0, 0 < f < g+ 1 and C3 small enough in order to get
(2.3).

As an application of Theorem 2.1 we have the following global result which
contains Theorem I.

COROLLARY 2.2. Assume Q=RN, Cy; >0,C4 >0,0<0 < q, and (2.2) #f
0<pB<q+1orC;<Cy(resp. C3 < C2) if B =0 (resp. B = q+ 1) and suppose
u € WHItLYRN) N Lo+ (RN) is any weak solution of

(2.29) —div A(z,u, Du) + B(z,u, Du) + C(z,u) = f(z)
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in RN, where f € L(e+V/7(RN). If f has its support in B,,(0), then there exists
p1 > po depending on || f|| Lo+1)/0(m~y and the structural constants C1, Ca, Cs, Cy,
N, g, o, B such that supp(u) C B,,(0). If we suppose moreover that g+ 1 < N or

C(z,r) satisfies (2.28) the result remains true if we just suppose u € L°T1(RY),
Du € LItY(RN) and f € La+V/9(RN).

PROOF. As u is a weak solution of (2.29), we have
(2.30)

/ A(z,u, Du)-Dgodz+/ B(z,u, Du)godz+/ C(z,u)pdz =/ f(z)pdz
RN RN RN RN

for any ¢ € C§°(RY). Using the same truncation method as in Lemma 2.1 we have
for any ¢ € Cg°(RY), ¢ > 0,

(2.31) / {¢A(z,u, Du) - Du+uA(z,u, Du) - D¢ + B(z,u, Du)u¢ + C(z,u)u¢} dz
RN

= / fugdz.
RN

If we take ¢ = ¢, such that 0 < ¢, < 1, ¢o(2) = 1if |z| <, ¢u(2) = 0if 2| > n+1
and || D¢y ||z~ < 2, then
(2.32)

'/ uA(z,u, Du) - D¢y, dx
RN

1/(q+1) q/(g+1)
<204 / |u|9t! dx / |Du|9 dx )
n<|z|<n+1 n<|z|<n+1

If n —» 400 we deduce (as in the first step of the proof of Theorem 2.1)

(2.33) Cs / {A(z,u, D) - Du + [u+} do < / fuds.
RN RN

From Young’s inequality

/ Fudz<e / lu["* ' dz + C. / ||+ 4y,
RN RN RN

If € < C5 we deduce that
(2.34) / A(z,u, Du) - Dudzx +/ [ulo*! dz < k/ |f|(0+V/e 4y
RN RN RN

for some structural constant k. Hence E(oo) and b(co) remain bounded indepen-
dently of u and, for any r > 1 and zo € RV,
- E(r)
min R
1/(g+1)<r<1 | 7(g+ 1) —1

where C depends on the structural constants and fRN |f|(e+1)/o dz. If we apply
Theorem 2.1 in B,(xo), where |zo| = po + 7, we deduce that suppu C B,, (0) with
p1 = po + max(1, K).
If we suppose ¢ + 1 < N, then Du € L9t1(R™) implies u € L(atV*(RV) with
1 1 1

(2.35) C max(l,r”‘l)max(b"(r),b"(r))} < Krv1

(g+1)*  q+1 N°
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Hence u € L1 (RN) N LI+tL(RN), so u € WH9t1(RN) and we can go to the limit
in (2.32) and get (2.34). If C(z,r) satisfies (2.28), then u € L®(RY — Bj,,(0))
(see [26]) and u € LI*}(R™N) from interpolation results.

REMARK 2.3. The result of Corollary 2.2 is already known when (2.29) has the
particular form

(2.36) —div(|Du|* ' Du) + |ul° " tu = f

(see [8, 16, 34]); it fails if ¢ < o. Other vanishing properties for first order
quasilinear equations of the form

(2.37) =Y (@) + B = /

can be found in [17].

REMARK 2.4. In Theorem 2.1 we can relax the hypothesis of continuity on
R — C(z,r) in order to treat some variational inequalities (¢ = 0). We can also
deal with unilateral constraints on u such as the weak variational inequality

u >0,
(2.38) { — div A(z,u, Du) + B(z,u, Du) > f(z),
in the sense that u € L!(2), Du € LY*1(Q), B(-,u, Du) € L}(1) and
(2.39) / {A(z,u, Du) - Do + Bz, u, Du)p} dz > / f(@)pds
[9] Q

for any ¢ € CP(RN), ¢ > 0. If for some ¢ > 0 we have f(z) < —¢ a.e. in (1 we
can apply Theorem 2.1 provided Cj3 is small enough (see [11] for a basic result).

3. The parabolic equation. In this section () is an open subset of RN, N > 1,
A, B and C are Carathéodory vector valued (for A) or real valued (for B and C)
functions defined in Rt x 1 x R x RY (for 4 and B) or in R* x 2 x R (for C)
satisfying (P1)-(P4) and ¢ satisfies (P5).

DEFINITION 3.1. A measurable function u defined in R* x (2 is a weak solution
of (PE) with initial data uo if for any T > 0 and any open subset G relatively
compact in {1 we have

(i) Du € LIt1((0,T) x G),

(ii) B(,-,u, Du) € L1((0,T) x G),

(lll) C(a ”u) € Ll((Oa T) X G),

(iv) 5(u(t, ")) € L=(0,T; L}(G)),

(v) limesse o4 (u(t, ) = j(uo(")) in LY(G),
where j(r) = [; ¥(s) ds satisfies the Az condition and for any ¢ € C§°(R* X RY)
we have

+o00
(3.1) / / {A(s,z,u, Du) - D¢ + B(s,z,u, Du)¢ + C(s,z,u)s} dz ds
0 Q

+o0 Bg
=/0 /Qw(u(s,z))*gz d:cds—i—/ﬂw(uo(z))g(o,z)dz.

Our first result is a finite speed of propagation property of the support of the
weak solutions of (PE).
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THEOREM 3.1. Suppose My >0, M3 >0, My =0, mg>1,¢>0,0<8<
g+1, a = (g+1-B(m+1))/m(g+1) and let T* be c/M3 (resp. +00 and M3 < M)
if B=0 (resp. B=q+1) or

e_ Sat D) 3 —(@t1)/(@t1-5) < g+1

. T = —=2M. My——
(32) g+1-4""3 B
if0< B<q+1. Ifu s a weak solution of (PE) in Rt x Q with an initial data

ug vanishing in B, (%0), zo € Q, 0 < pg < dist(zo, ), then u(t,-) = 0 a.e. in
B, (t)(w0) for 0 <t < T, where T < T* 1s arbitrary,

: { E’Y(t) PO)
min
(m+1)/(m(g+1))<r<1 | mr(g+1) —m -1

x max (b (t, po),b"(t,Po))}a

)ﬂ/(q+1—ﬁ)

Py (t) = pg - Ct*

(3.3)

max(1, p§ ™)

where C = C(My, M3, M3,N,q,m,$3,T,c) and

t
(3.4) E(t,p) = / / A(r,z,u, Du) - Dudzdr,
0 JB,(zo0)
(3.5) b(t, p) = sup ess/ [u(r, z)| (/™ dg,
o<r<t JB,(z0)
(3.6) k= N(mg—1)+ (¢g+1)(m+1),
—m- - 1
on  gmleEdomol,mioder)
K m+1 mg—-1 m+1-mr(g+1)
3.8 = ——0, = —, = - .
B8 V= tmrD = " amTy) "

REMARK 3.1. As in Theorem 2.1, B, (;)(z0) =@ if p1(t) < 0, but for ¢ small
enough p;(t) is positive, which means that the speed of propagation of the sup-
port of u is finite. Moreover if the function ¢ — j(u(t,-)) is essentially continu-
ous from R* into L] .(2) we can iterate Theorem 3.1 on (T,2T), (2T, 3T), etc.,
for a.e. T, as long as p; remains > 0: we just have to replace t by t — T (on
(T,2T)). An exact formula for the speed of the interface is difficult to obtain as
lim;_,0 b(¢, po) = limy_,g E(t, po) = O (see Knerr [25] for computations in the porous
medium equation case).

LEMMA 3.1. Under the hypotheses of Theorem 3.1, A(:,-,u,Du) - Du,
B(:,-,u,Du)u, C(-,-,u)u and u|A(-,-,u, Du)| belong to L*((0,T) x B,,(z0)) and
for almost all p € (0, po) and t € (0,T*) the following inequality holds:

¢
/ / {A(r,z,u, Du) - Du + B(r,z,u, Du)u + C(7, z,u)u} dz dr
0 Bp(zo)

(3.9) + /B . f(u(t, z)) dz

t
g/ f(uo(:c))da:+/ / A(r,z,u, Du) - Pudsdr.
B,(z0) 0 JS,(zo)

PROOF. From hypotheses it is clear that A(:,-,u, Du) - Du, B(,-,u, Du)u and
ul|A(-, -, u, Du)| are locally integrable in R* x (). We now define for | € N, Tj(u) =
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sign(u) min(l, |u|). For n € N and p € (0, po) we consider ), defined on [0, po] by

1 if r € [0,p— 1/n],
(3.10) Yn(r) =<0 if r € [p, po),
—n(p—r) if relp—1/n,p].

For t € (0,T*) and k € N set ¢ defined on [0,T*] by
1 if 7€ [0,t — 1/k],
(3.11) k(r)=<¢0 if ret, T,
—k(t—r) ifret—1/kt.
For h € (0,T* — t) we set
T+h
(3-12)  o(7,2) = Pn1kh(T,T) = Gk(T)¥n(|z — o) / h™'Ti(u(e, 7)) de.

It is clear that ¢ is an admissible test function so we have

+o0
/ / {A(r,z,u, Du) - Dp + B(7,z,u, Du)u + C(7,z,u)u} dz dr
By (zo)

/ / u(r, 8 d:::dr+/ ¥(up)p(0, z) dz.
Bpo(zo) Var Byg (z0)

From (iv) it is clear that both 9 (u) and uwy(u) belong to L°°(0,T*; L!(B,,(z0))
and it is the same with the function 7 — ¥ (u(r,)) fT+h h=1T(u(e,-)) de so we can

T

suppose that t is one of its Lebesgue points (independently of [ and h). Hence

+o00
lim / P(u(r, I))O_go dz dr
k—+o00 0 BPo (IO) aT

[ OB s - ~
_/0 /BPO(IO)d)(u(T,x))aT dz dr /Bpo(xo)w(u(t, 2))p(t, z) dz,

where 3(7,z7) = @nin(r,1) = Yn(lz — azgl)f:Jrh h=1T;(u(e,z)) de. So (3.13) be-
comes
(3.14)

t

/ / {A(r,z,u,Du) - Dg + B(1,z,u, Du)p + C(1,z,u)p} dz dr
po(IO)

/ / u(r,z 8 Y dedr — / Y(u(r, z))p(r, z) dz
Bpo(zo) Vor Byg (0)

As 7 is convex and increasing on R* (resp. decreasing on R™) we have
(3.15) J(Ti(u(r +h,2))) — 3 (Ti(u(r, 2))) = P(u(r, z))(Ti(u(r + h, ) = Ti(u(r, 7))).

So computing d¢/d7 and using (3.15) yields
(3.16)

/ / Y(u(r, z) ) d:c dr
Bpo(zo)

t+h
< h™ / / J(Tw)pdedr — h™ / / J(Tiu)y, dz dr,
(-":0) Byg 1‘0)

(3.13)

T=t

7=0
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where ¥, (-) = ¥n(| - —20|). Using again the properties of j and (v) implies that
the right-hand side on (3.16) converges to

[ it o)ae)ds- [ @) ds
By (z0) By (za)

as h goes to 0, for almost all ¢t. If we set

(3.17) P i(7,7) = Pn(|z - zo[)Ti(u(r, 7))

we deduce with Lebesgue and Fatou’s theorems (as h — 0)
(3.18)

t
/ / {A(T’ T,Uu, D’U) . D‘Pn,l + B(T,.’E,’u, Du)‘pn,l + C(T7 z, u)()on,l}dsz
0 Bpo(zo)

T=t

IN

[[ {3(Ti(u(r, ))) — ¥(u(r, 2))Ti(u(r, ) }obn(Iz — zol) dfv]
Bpo (zo0) =0
From hypotheses the right-hand side of (3.18) converges to

=0
[ [ sl zol)da:]
By (7o)

as [ goes to +0o. Moreover, computing Dv,, and using Lebesgue’s differentiation
theorem as in Lemma 2.1 yield for a.e. p € (0, po)

t
(3.19) lim —/ / uA(r,z,u, Du) - D, dz dr
0 JB,(zo)

n—00

t
=// uA(r,z,u, Du) - Udsdr.
0 sp(zo)

Moreover fot i) Bog (0) C(7,z,u) - udz dr exists and we have

T=t

t
/ / {A(r,z,u, Du) - Du + B(r,z,u, Du)u + C(7,z,u)u} dr dr
0 JBy(zo)

(3.20) =0

t
< / / ud(r, z,u, Du) - Udsdr + {/ f(u(r,z)) d:r] ,
0 JS,(z0) By(z0)

T=t
which is (3.9).
PROOF OF THEOREM 3.1. First step. We fix T < T* and we claim that
there exists a constant Ms = M5(T, My, My, m,c,q,3), Ms > 0, such that for any
(t,p) € [0,T] x [0, po) the following holds:

t
/ / uB(7, z,u, Du) dz dr
0 JBy(zo)

This is clear when S =0o0r S =¢g+ 1. When 0 < 8 < ¢+ 1 we have

¢ t
/ / uB(r,z,u, Du)dz dr| < M3/ / [u|*| Du|P dz dr,
0 JB,(zo) 0 JB,(zo0)

(3.21) E(t, p) + cb(t, p) —

(3.22)
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and with Young’s inequality we get for any € > 0 and 7 € (1, +00)

(3.23) |u|°‘+1|Du|ﬁ < §|u|r(a+1) + ue—l/(f—1)|Du|BT/(T—l)_
T

If we choose 7 = (m + 1)/m(a + 1), then 37/(t —1) =q+1 and

B(r,z,u, Du)udz dr

Bp(xo)
"“ ﬂ// PO/ g dt
By(z0)
ﬂM3 —( _
+ —— g~ (a+l BB t,p).
My(g+1) (.p)

But
t
/ / Ju|(MFTD/™ g dr < Th(t, p).
B,,(:l:o)

As T < T* it is possible to find € depending on T, M3, My, m, q, ¢ and § such that

g+1-8 BMs (a1
3.25 M3T—W= < d 32 _~(a+t1-8)/B 1,
(3.25) M T <e and e

If we set

g+t1-8 BMs __—(q+1-5)/8
M5—m1n{c eM3T o ,1 Mg(q+1)€

we get (3.22).
End of the proof. From (3.9) we have for (¢, p) € [0,T] x [0, pol,

t
/ / B(r,z,u, Du)udzdr
0 Bp(zo)

t
S/ f(uo(a:))dx+/ / A(r, x,u, Du) - udsdr.
B, (z0) 0 JS,(zo)

But ug vanishes in B,(zo), and from Holder’s inequality and (P1)
(3.27)

/ / A(r,z,u, Du) - Pudsdr
Sp(zo)

q/(q+1) +
<M // |Du|?*! dsdr // |u|7t! ds dr
0 JS,(z0) 0 JSy(zo)

As in the proof of Theorem 2.1 we have for almost all p € [0, po),

(3.26) E(t,p)+ c/ |u(t’x)|(m+l)/m de —

1/(g+1)

t
a—E(t,p)ZMg / / |Du|7+! ds dr.
Op 0 Js,(z0)

(3.28)
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Using (3.22), (3.26), (3.27) and (3.28) we get
(3.29)
M5 (E(ta P) + b(t’ P))

q/(g+1) t
<omyMy @ et) (28 ) [ [ ietidsar
Op 0 J5,(z0)

Using (2.13) with o replaced by 1/m (which is possible as gm > 1) we deduce

t
(3.30) / / |u|?tdsdr
0 JS,(zo)

t
< Cq+1/0 (I Dull La+1(B,(z0)) + PP 1ull Lem+11/m (B, (z0))) 2@

1-6)(g+1
X IIuII(L<m+)n(§’/m()B,(zo)) dr

1/(q+1)

with

N(img—1)+m+1 and s NOmg—1)+(m+1)(g+1)

= Nomg-1)+ m i D@+ m+ D@+

Using Holder’s inequality and (a + b)9+! < 29+1(g9+! 4 bat1) we get

t
// |u|9tt dsdr
0 JSp(zo)

t
< (20)*+! / / |\Dujt*! dz dr
0 JB,(zo)

, 0
+1
+...+p'5(‘1+1)/0 ||u||1<m+:)/m(3,,(a:o)) dT)

. 1-6
1
X (/0 ”U||(£Tm+1)/m(3,,(zo)) dT)

which implies

\ 1/(g+1)
(3.31) / / |7+ ds d¢>
0 JS,(zo)

< 20409/ (|| Du| v (0,6)x B, (m0))
+ Ot/ (atDpm/(mH1) (4 5))0pm(1=-0)/(m+1) (4 5,

Then there exists a constant K = K (T, My, M4, m, q, 3) such that
(3.32)

OE q/(q+1)
Bl )+ b,0) < Ki0-0/ 0w (2 )

x (EY @+t p) + pStl/(atD)pm/(m+1) (¢ p))om(1=0)/(m+1) (3 p).
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For any 0 < 7 < 1 we have
EY @41 (¢, p)pm(1=0)/6(m+1)(y ) 4 pog1/(a+ D) pm/6(m+1)(y p)
= EY(@t)) (g p)prm(1=0)/0(m+1) (¢ p)p(1-T)(1=0)m/0(m+1)(y )
+ pPt1/ (@t Dpl/ (g 1) +7m(1-6)/8(m+1) (¢ 5)
~ (t’p)m/e(m+l)—1/(q+1)—rm(1—0)/0(m+1)(t’ P)
We set
Ky = max(l,T"/(q“)) max(bm(l—r)(l—o)/(mﬂ)(t, 20),
p(m=—m7(1=0))/(m+1)=6/(a+1) (3 p.))
and get
EV @t p)pm(1=0)/0m+1) (¢ p) 4 pog1/(a+1)pm/6(m+1) (4 p)
< 2p°Ky/® max(1,pp°)(E(t, p) + b(t, p)) /5 D +mr(1=0)/ (mt 1),
This implies the inequality
(E(t,9) +bi(t, p)) =0/ @D =mr (=0 (m)

(3.33)

9E q/(q+1)
< 2Kt~/ 580 Ky max(1, pg *°) (a—p(t,/’)) )

and finally F satisfies the differential inequality

(3.34) K1t<1—")/qp50(1+1>/0‘?3—f(t, p) > E1+(-0)/a=rm(1-0)(@+1)/alm+D) (4 p)

with K = (2K Komax(1, py °%))(@+1)/9. Integrating (3.34) yields

(m + 1)gK,t(1-0)/a
(1-60)(mr(g+1)—m—-1)
o {BA-O)(mrat D) =m=1)/alm+1) (¢ )

(3.35)
_ EU-9)mr(g+)=—m=1)/g(m+1) (¢ 5 )}

q 1-66(1+1/q) 1-66(1+1/q)
D — —
- q- 60(q+ 1) (pO pl )a

and the end of the proof is as in Theorem 2.1.

REMARK 3.2. As in Theorem 2.1 it is possible to relax the hypotheses on a and
3 if we know a priori that u € L ((0,T) x B,,(x0)). We just have to assume a > 0,
0 < B < g+ 1 and M3 small enough (cf. [35] for some specific L> estimates).

COROLLARY 3.1. Assume that u is a weak solution of

(3.36) %¢(u) _ div A(t,z,u, Du) + B(t, 7, u, Du) + C(t,,u) = 0

in R* x RN such that j(u) € CO(R*T;LL (RN)) and that for any p > 0, ¢t > 0

loc

there exists K = K (t,p) such that for any y € RN

t
(3.37)  sup ess/ f(u(r,z))d=x +/ / A(r,z,u, Du) - Dudzdr < K,
By(y) 0 JB,(y)

7<t
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and assume also that the structural hypotheses of Theorem 3.1 are satisfied (with
Ms < My of B = q+1). If the initial data up of u vanishes outside Br(0), then
there exists a nondecreasing function t — R(t) defined on Rt such that R(0) = R
and suppu(t,-) C Bg()(0) for anyt>0. If B=10 or f = q+ 1, then

(3.38) R(t) = R + C max(t*,'/9)

with A given in equation (3.8) and C depends on the structural constants, and
||“0||L(m+1>/m(RN)-

PROOF. Step 1. We claim that there exists T > 0 such that for any ¢t € [0, T
the support of u(t,-) is compact.

In order to prove this result, we fix T < T*, p > 0 and |zo| > R + p and apply
Theorem 3.1 in B,(zo). From (3.37) there exists a constant M depending on the
structural constants, 7" and p but not on g such that if p > Mt* max(1, p*~!) and
t <T’, then u(t,z) = 0 a.e. in B, (t)(zo), where p¥(t) = p* — Mt* max(1,p*~1). If
we set T = min(T"*, min(p", p)/M) and make zo run all over the complementary
of Br4,(0) we deduce that for any ¢t < T, u(t,z) vanishes for almost all |z| >
R+p—pi(t)

Step 2. We claim that for any ¢t > 0 the support of u(t,-) is compact.

We proceed by contradiction in supposing that the subset of the t’s of R* such
that the support of u(r, -) is compact for 0 < 7 < ¢ admits an upper bound t* < +oo0.
From (3.37) we have

7<2t*

2t°
(3.39) supess/ f(u(r, z)) d:13+/ / A(r,z,u, Du)-Dudz dr < K(t*, p)
By (v) 0 By(y)

for any y € RY. For any t < t* the support of u(t,-) is included in some ball
Bp(4)(0), so we can apply Theorem 3.1 on [t, +-00) x RN (if we set s = 7 — t and
v(s,z) = u(r,z) the function v satisfies (PE) in R* x RN with u(¢,-) as an initial
data). Proceeding as in Step 1 we see that there exists M > 0 such that, for any
ly| > R(t)+p and (r—t)* < min(t**, min(p¥, p)/M), u(r, -) vanishes a.e. in B,(-)(y)
where p¥(7) = p¥ — M (7 —t) max(1, p*~1). Moreover from (3.39) and the definition
of v the constant M does not depend on ¢t < t* and on y in RN - Bg(;)4,(0), so
u(7,z) = 0 for almost all |z| > R+ p — p(7). In particular for

{ 1/x
T=min | t* +¢,t+ (H min(p”,p)) ) ,

u(r,-) vanishes a.e. in RN — Bg,,_,;)(0). If we take ¢ close enough to t* we
have a contradiction, so t* = +o0o. Moreover from the construction there exists a
nondecreasing function R defined on R* such that R(0) = R and suppu(t,-) C
Br1)(0).

Step 3. End of the proof. If we apply Lemma 3.1 in [0,t] x Byg(4)(0), we get for
t>0,

(3.40) f(u(t,z))dz + /t/ {A(r,z,u, Du) - Du + B(7,z,u, Du)u} dz dr
RN o JRY

<[ fluola)do.
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If B=0orif 3 =g+ 1and M3 < M, we deduce from (3.40), as in the proof of
Theorem 3.1, the uniform estimate on the energy,

+o0o
(3.41) sup ess f(u(r,z))d=x +/ A(r,z,u, Du) - Dudrdz
720 JRN 0 RN

<K /R J(uo(z) ds,

where K is a structural constant. If we fix y outside Br41(0) and set po = |y| — R,
we get as in Step 1

{z:u(t,z) =0} D B,,(y) Vte[0,T,]N[0,T],

with p¥(t) = p¥§ — M max(t*,t*T1/9-2)ps =1 with M depending only on the struc-
tural constants and |[uol|(m+1/mgn~) and T is arbitrary. From the mean value
theorem

o — p{(t) = B (po — pa(t)) = M max(t*, T/47 ) pf 7,
where p € (p1(t), po), so

M v—1
po — p1(t) = — max(t*, T/~ *t*) <@> :
v p
Moreover supp u(t, ) € Bripo—p,(¢)(0). As

1- <&> M max(t*, Y97 )
Po Vpo

we deduce lim|y|— 4 o0 (p0o/p1) = lim|y| - 400 (p0/p) = 1 and
suppu(t,-) C {z:|z| > R+ % max(t*, TV/9-2 1)}

for t <lim,_ 4o T, = +o00. In particular we can take t = T and we get (3.38).

REMARK 3.3. When B # 0 and 8 < ¢+ 1 we do not have the estimate (3.41) so
(3.38) is only valid for t < T < T™* with a constant M depending on T. Moreover we
do not know whether the relation (3.37) (which says that the energy of a solution is
locally uniform in RY) is necessary in order to get the finite speed of propagation
of the support of u.

REMARK 3.4. When A(-,-,u,Du) = |Du|9"'Du and B = 0, then the phe-
nomenon described in Corollary 3.1 is already known (see (5, 14, 16, 21, 25| and
[17] for first order quasilinear equations). On the other hand if gm < 1, then the
speed of propagation of the support of u(t,-) is infinite (see [5, 16, 19 and 32]).

In the next theorem we obtain the localization of the support of u(t,-) inde-
pendently of t. Such a result is already known for specific first and second order
quasilinear variational inequalities under some assumptions of monotonicity (see
(16, 17 and 20)).

THEOREM 3.2. Assume that My >0, My >0,0>0,9¢>0, m>0,c>0,
0<B<qg+1l,a=0-PB(c+1)/(qg+1) and M3 < My (resp. M3 < M3) if 3=0
(resp. B=q+1) or

g+1 (g+1-p)/(q+1) qg+1 B/(q+1)
M.
ﬁ) < B >

(3.42) M3<<M

fg+1-
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if 0 < B < g+ 1; we assume moreover that max(o,1/m) < q. If u is a weak
solution of (PE) in Rt X Q with an initial data uo vanishing in B,,(zo), zo € 1,
po < dist(zo,0), and if u has a finite energy in Rt x B, (zo) that is j(u) €
L (R*, L (B, (z0))), u € L+ (R* X Byy(ao)) and Du € L1 (R* x Byy(z0)),
then u(t,z) = 0 for almost all (t,z) in RT x B,, (z0), where

(3.43)
. E"(po)
v __ v —~ \)
p=r—C. 0 {T(q F1)-é-1

max((8(o) + elpo) ¥, ((an) + o))" max(1, o5 |
where C depends on the M;, N, m, q, o, ¢ and

+o00
(3.44) E(p) = / / A(r,z,u, Du) - Dudz dr,
0 Bpo (20)
(3.45) b(p) = supess/ f(u(r,2))dz, ...,
720 By(z0)

+oo
o= [ [ jurortidad,
0 Bp(zo)

(e+1)(r(g+1)—£€-1)
(3-46) 1= ET DN -o) + (a+ DEF D)
((g+)(m+1)+ Nm(qg—0))(N(g—€) +e+1)
gm+1)(N(g—¢e)+ (e +1)(g+1))
N|1 — mo]|((me —1)(g — o) + (6 — €)(m + 1))
(mo —1)(m+1)(N(g—¢€)+ (g+1)(e+1)) ’
. (L-7)(g+1)(e+1)
E+D(N(g—e)+(e+1)(g+1) 7

"=y (E—¢e)g+1) (g—é)(N(g—¢)+e+1)

gle+1)(E+1)  gE+1)(N(g—e)+(g+1)(e+1))

in which formulas we have set € = min(o, 1/m) and € = max(o,1/m).

(3.47) v=1+

bl

(3.48) x=v—-1+

(3.49)

We first need the following (NN + 1)-dimensional trace-interpolation estimate.
For the sake of simplicity let Q,: = (0,t) x By(zo) and £, = (0,t) x S,(x0),
(t, p) € [0, +00] x [0, po]-

LEMMA 3.2. Assume that u € L®(0,t; L(™+t1)/™(B,(x0))) N L°*+1(Q,:) and
Du € LI*Y(Q,+), (3.42) being satisfied. Then u € LIt1(Z, ;) and there ezists a
nonnegative constant C = C(N, q,0,m) such that
(3.50)

lullerss, o < Cmax(L, o) (nDunwx(Q,,,,) L (uunw‘@,,,t)

0
+ supess ||u(T, - m+1)/m (B (z

1-6
x (uuuwx@,_o +supess nu(r,.)||L<m+1>/m(3,,(zo))) ,
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where
Nm(q— o) _ N(g-¢e)+e+1

B3 =l mr ) T NGt e+ DET D)

_{ (me—-1)(g—0) o—¢ Nq|1 — mo]|
052) 2= (D * o) GG A T 6 T
where € = min(o,1/m) (notice that A =0 if 0 = 1/m).

PROOF. First case: om < 1. Applying Corollary 2.1 yields
(3-53) [lu(r, )”LqH(S (z0))

< CU (| Dull Lovr (B, (mo)) + ° (T, M Lo+1(8, (20)* Y

-6
-l IR DE

with

6= b(0)= -Na=—o) +la+o+1)

(g+1)(c+1) ’
From Holder’s inequality we have

t
// |u|7t! ds dr
0 JS,(z0)
]
t 5(g+1) ‘ q+1
< (20)t! // |Du|"+1dzd7-+p("+ /”u”LGH(B,,(:co))dT
0 JBy(zo) 0

: 1-6
+1
() 22 e )

and taking the (g + 1)th root
(3.54)

- " 1/(a4+1)
[ulla+i(z, ) < 2C (”Du”Lq“(Qp,:) +p° (/0 Il e+ (8, (o)) d’) )

N(g-1)+o+1
N(g-o)+(g+1)(o+1)

0=60(c) =

/ pt ) (1-8)/(q+1)
q

(/0 ”u”L”“(Bp(xo)) dT) .

But on the other hand

. 1(g+1)
+1 —0)/(g+1) (0+1)/(q+1)
</o lullZe+s (8, zon dT) <l Eo it s, o Il E A G -

Moreover

[l oo (0,6;L0+1 (B, (z0))) < (anp™) D=/ AN ly|| oo g L omt11/m (B, (20)))

where ay is the volume of the unit ball in RV; from Young’s inequality we get

. 1/(q+1)
3 55) (/ ||u||‘}j,’+,(3 (z0)) ) < (aNpN)(Q—a)(l—ma)/(<1+1)(a+1)(m+l)

X {l|wll oo (0,6;L0m+1/m (B, (z0))) F 1llLo+1(Q,.0)}-
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Combining (3.54) and (3.55) we obtain (3.50) with

N(g—-o)(1-mo) Nm(q-o0)
§=6(U)+(q+1)(m+1)(0+1)__1—(q+1)(m+1)
and
_ (1-6(0))N(g—0)(1—mo) _ Ng(g —0)(1 —mo)
(@+Dg+1)(m+1)  (g+1)(m+1)(N(@-0)+(g+1)(c+1))

Second case: om > 1. We apply Corollary 2.1 with o replaced by 1/m and we
get (3.54) with o replaced by 1/m. By interpolation we have

t
+1
(/0 ||“"1(m+1)/m(3,,(zo)) dr

(a—0)/(q+1) (0+1)/(g+1)
< el oo 0,1, im+ 10/ (B, (o) 1l L1 @65 Lm+13/m (B, (20)))

)1/(q+1)

Moreover

[l Lo+1 (0,8, Lim+1)/m (B, (z0))) < (anp™ )™/ (MDD ly| Loss (g, ),

and we get

t
q+1
( /0 [l %2 15/ (5, G2y O

N)(md—l)/(m+1)(<1+1)

) 1/(q+1)

(3.56) < (anp
X{|ll oo (0,6sLm+1)/m (B, (z0))) + 1llLo+1(@,.0) }s
and finally we obtain (3.50) with

o5(L)4 Mmooy Vmia—o)

(m+1)(q+1)  ~ (g+D(m+1)
and

_ N(mo-1) (1_0<l)> Ng(mo - 1)
(m+1)(g+1) m (g+1)(N(mg—1)+ (¢ +1)(m +1))
PROOF OF THEOREM 3.2. Asin Lemma 3.1, A(-,,u, Du)- Du, B(-,-,u, Du)u,
|u[*+! and u|A(-, -, u, Du)| belong to L*(Q,,:) and for almost all p € (0, pp) and t > 0
we have

/ )f(u(t ,T)) dz+/ {A(r,z,u, Du) - Du + B(r,z,u, Du)u}dz dr
o (Zo
(3.57) +M, / f |u|]o*! de dr

S/ f(uo(x))d:c+/ A(r,z,u, Du) - Pudsdr.
By (z0) Zpe

Moreover, as in the proof of Theorem 2.1, (3.42) implies that there exists Ms > 0
such that

/ {A(r,z,u, Du) - Du + B(r, z,u, Du)u + My|u|°t1} dzdr
Qp,t )

> M5/ /(A(T, z,u, Du) - Du + |u|°*Y) dz d7,
Qp,t
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and from Hoélder’s inequality

/ A(r,z,u, Du) - Dudsdr
Ep,g

q/(q+1)
<M, (// |Du|9 ds dT) <// ju|9T1 ds dr)
Ep'g Ep,t

As ug vanishes in B,(z¢), we deduce as in Theorems 2.1 and 3.1,

1/(g+1)

(3.58) Mg (E(t,p) +c(t,p) + /13 lu(t, z)|(mD/m d:c)

o(z0)

B OE q/(g+1)
<t (B ) e, o

where E(t, p) is defined in (3.4) and c(t,p) = fo,, ,|ul”*tdzdr. As the functions

E(t, p), c(t, p) and AE(t, p)/dp are nondecreasing with t, (3.58) remains valid if we
replace pr(Io) lu(t, z)|(m /™ dg by

b(t, p) = supess/ |u(7-, I)I(m+1)/m dr
0<7<t JB,(z0)

and M; M; V@D by oMy M; 99T | Using Lemma 3.2 we get

OE q/(q+1)
b(t, p) + c(t, p) + E(t, p) < My max(1,p*) (55(@ p))
B39 (B (b, p) + g (6™ (1, p) + M 8,p)f
x (b™/ (¢, p) + /(TN (2, )1,

where M; depends on M;, My, M3, My, N, q, 0, m, c and 3. If we set d(t,p) =
b(t, p) + c(t, p) and d(po) = b(po) + c(po), we get

b/ (D, p) + M2, p) < d(t, p)™ D) 4 d(2, p) O

1/(6+1)
< 2max(d(po)™ ™+Y  d(pg)*/ (1) (d(t, P))

d(Po)
as d(t,p) < d(po) and 1/(€ + 1) = min(m/(m + 1),1/(c + 1)). Finally we obtain
(3.60) b/ (mAD (¢, p) + ¢/, p) < Kod"/ETV (2, p)
with

Ko = 2max(d(p0)l/(a+1)—l/(é+l),d(po)m/(m+1)—1/(§+1))‘
We deduce from (3.60) that
EY@D (1, p) (6™ 1, p) + MO (1, )10
+pS (™M (8, p) + ¢V (¢, p))V°

is smaller than

max(Ké/o’K(()l—e)/o)(El/(q+l)(t)p)d(l—O)/O(é+1)(t,p) + pgdl/e(é—i—l)(t,p))‘
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As in Theorems 2.1 and 3.1, for any 7 € [0, 1) we have
(361) EY(@+N)(t,p)d=O/0CE+ (¢, p) 4 p¢ad'/EHV (2, p)

< 205 K1/° max(1, 5 °)(E(t, p) + d(t, p)) /(@ D +7(1=0)/6¢EHD),
where we have set
(3.62) K; = max(d(00, po) 1=/ (E+1) g(oo, po)(1-7(1=0))/(E+1)=6/(a+1)y,
Hence E satisfies the differential inequality

z 0E

(3.63) E1+(1—9)/q—f(1—9)(q+1)/q(6+1)(t, p) < K2p§9(q+1)/qa_p(t, p),

with K = (4K; My max(Ko, K2 %) max(1, py ~¢?))(@+1)/4, Integrating (3.63) be-
tween p; and pg yields if 7 > (€ +1)/(g + 1),

Kaq(é+1) (1-0)(r(a+1)—E~1)/q(E+1)
=@+ —¢-1) {& (¢, po)
(3.64) _E-9)((a+)—-&-1)/q(E+1) (4 pl)}
q 1-¢6(1+1/q) 1—¢6(1+1/q)

> —_— — .

_q—§0(q+1)(p0 P1 )
Hence if
(3.65)

—¢0 _
Pi $6(1+1/q) < p(l) <0(1+1/q)

Kaq(g—¢0(g+1)) 1-8 —e1)/q(E
_ 1) pa-o)rg+n-e-1)/a@E+1) (4
T-0(@+)-¢-1 (t, o)

we have E(t,p1) = 0. As E(t, po) < E(po) we deduce that E(t,p;) =0foranyt >0
if p1 satisfies (3.65) with E(t, po) replaced by E(po) and from (3.63) u vanishes in
By, (z0) X [0,+00). If we compute the exponents we get

1——§0<1+%) =1+(1+m+1+Nm(q_”))( Nig—¢)+e+1 )=u,

g(m+1) Ng—¢)+(e+1)(qg+1)
(1—0)(r(q+1)—§—1)_ (e+)(r(g+1)—£€-1) _
g(E+1) TE+)Ng-e) + (g+DE+1) "

(A—¢0) (1+$)
_ 1 (me —1)(g—o0) o—¢
- (”E) {((mo—l)(m+1) +ma_1>
N~|1 — mo]
g+ 1)(N(g—¢)+(g+1)(e+1))

((m+1)(4+1)+Nm(q—0))(N(q—6)+6+1)} )
(m+1)(g+1)(N(g—¢e)+(e+1)(g+1))

ol

As

max(Ko, Ky ~°) = max(1,d(6=€)/(+DE (00, pg))
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and
K, max(Ko, K39)
— max(d(l_f)(l_o)/(é+l)(oo,po),dl/(€+1)_T(1_0)/(é+1)_6/(q+1)(Oo,po))

and we get (3.43).

REMARK 3.5. If the energy of u in R* X B, (z¢) is not too large, then p; > 0 and
there truly exists a cylinder R* x B, (zo) where u is a.e. zero. On the opposite, if u
has not a finite energy in Rt X B, (zo) we just obtain a finite speed of propagation
for the nonvanishing set of u in Rt X B, (z0). Moreover if we know a priori that
u is bounded in R* x B, (zo), the hypucheses on « and 8 can be relaxed as in
Remark 3.2.

COROLLARY 3.2. Assume that u is a weak solution of (PE) in Rt x RV
satisfying (3.37) such that j(u) € CO(R*;LL _(RY)) and that M2 > 0, My > 0,
620,¢>0,m>0,¢>0,0<8<q+1,a=0-08(c+1)/(g+1) and M3 < M,
(resp. M3 < M3) if 5 =0 (resp. B=q+1) or (3.42) if 0 < B < ¢+ 1, and assume
also that max(o,1/m) < q. If the initial data up of u vanishes outside Bg(0), then
there exists Ry > Ro depending on the structural constants and ||uol| Lim+1)/m (RN)
such that for any t > 0 u(t,-) vanishes a.e. outside Bg, (0).

PROOF. As in Corollary 3.1 we first notice that the support of u has a finite
speed of propagation. If we apply Lemma 3.1 in (0,t) x 3,(0) we get (3.57) and if
p goes to +0o we obtain

/R J(uft, o)) dz

t
+/ / {A(r,z,u, Du) - Du+ B(r,z,u, Du)u + C(t,z,u)u} dz dr
o Jr¥

< [ Tl ds,
RN
which implies (with (3.42)) the energy estimate

sup ess f(u(r,z))dz + /+°°/ {A(7,z,u, Du) - Du + |u|° '} dx dr
(3.66) 720 ‘RV o JRY
<c | flule)ds,
RN

where C depends on the structural constants. We now fix zg outside Bg+1(0), po =
|zo| — R and apply Theorem 3.2 in B,,(zo): there exists a constant K depending
on C and |[ugl|om+1/m(gy) such that u is zero a.e. in R* x B,, (o), where
(3.67) pi = ps — Kpj§.

But N|1 — mo|((me — 1)(q — o) + (6 — €)(m + 1))

(mo —1)(m+1)(N(g—¢)+ (g +1)(e+1))

v—x=1-

If we compute we get

(6+1)(mN(g—0)+ (g+1)(m+1)) if0<—1-
3.68 o _ ) (m+1)(N(g—-0)+(g+1)(c+1)) - m’
(368)  v=X=9 Nm(g-0)+ (¢+1)(m+1) oo L
N(mg—-1)+(g+1)(m+1) m’
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So in both cases v — x > 0 and p; > 0 as soon as pg > K'/(*~X). Hence u(t,-)
vanishes a.e. outside Br g1/(v-=) (0).

REMARK 3.6. As in the elliptic case we can relax the hypotheses of continuity
onr — C(r,z,r) in order to treat some variational inequalities (¢ = 0). Our results
are also valid when there is a unilateral constraint on u such as

u>0 in (),
2 () - div Ar,2,u, Du) + B(r, 2,0, Du) > f

in the following weak sense:
+o00
(3.70) / f {.4(3, z,u, Du) - D¢ + B(s, z,u, Du)¢ — ¥(u(s, x))%%} dzds
0 Q

> [ buo)s.2)ds + [ " [ ssdzds

for any ¢ € C§°(R* x 2), ¢ > 0. In order to obtain the results of Theorem 3.1 we
just have to suppose f < 0 a.e. and the results of Theorem 3.2 f < —¢ a.e., where ¢
is a fixed positive constant, and M3 small enough (see [13] for results on parabolic
variational inequalities involving the maximum principle).

4. The interpolation-trace lemma. For the sake of simplicity we restrict
ourselves to v € C1(G) since C*(G) is dense in W19t1(G). The proof of Lemma
2.2 is divided onto four steps (see [9, Appendix] for a similar result).

First step. From a result of [26, p. 45], for any € > 0 there exists C. > 0 such
that for any v € C!(G) the following holds:

(41) [vllLa+1(c) < €llDv]|Lar1(g) + CellvllLo+1(c)-
If we set Cy = max(1 + ¢, C¢ |G|}~/ (e+1)) we get
(4.2) vllwraria) < Call|Dvl|Letr () + [VllLo+1(c))-

Second step. We start from the elementary trace result [1]: there exists C3 > 0
such that for any u € C'(G) we have

(4.3) lull1a6) < Csllullwei(e),
and for ¢ > 0 we apply (4.3) to u = v|v|%, v € C}(G), so

/ |v|"+1d0503{(q+1) / lv|9| Do| dz + / |v|q+1dx}.
G G G

/G [01%IDv] dz < 1Dl s (6 0 20rs g

Since

we get

[l do < Caf(a + DIDelens @ ol ens @ + Pl iy
which implies

(4.4) ollLesr a6y < (g + 1)Ca) V@D ol o) ol 452,
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Third step. Set 0 < o < g <oo. We claim that there exists a constant C4 > 0
such that for any v € C!(G) we have

0— 0

(4.5) lolless iy < Callol L) ol &G, 7.

Case 1. Assume ¢+ 1 < N. From Sobolev’s inequality we have ||v|[-(g) <
Cllvllw.a+1(g) with 1/7 = 1/(g + 1) — 1/N. Moreover
(4.6) [ollLe+i(ay < 0l iy 101120+ 1),
where 1/(¢+ 1) = A/(0 + 1) + (1 — X\)/7, that is

A=(g+1)(c+1)/N(g—0)+(g+1)(oc+1).

Hence with Sobolev’s inequality

(4.7) [vllLe+1(c) < c'- A”””wl q+1(G)Hv”20+1(G)’
and
L Ng-0)  _(g+Do-1 ,_(g+D0-6)
N(g—o)+(g+1)(c+1) g q

Case 2. Assumeq+1>N> 1. We seta——(N+1)/2 =2(g+1)/(N +1),
B=(c+1)(N+1)/2(¢+1) and a* = aN/(N — a) (a* = oo if N = 1). From
Holder’s interpolating inequality we have

(4.8) lullzee) < lulpadic lulls ),

where 1/a = (1-))/a*+A/8 ((4.8) is valid even if 0 < 8 < 1 with a simple change
of function). From Sobolev’s inequality we get

(4.9) ||U“La(G) < CS”“’”wl a(G)”u”i‘,ﬁ(G)'
Now we set u = v|v|?~! and we have
”u"L"‘(G) = ”v”Lap(G) ”v”L?‘“(G)’

.”u”L“(G) = ”v”LBﬂ(G) = Ilv”La+1(G),

1/a
ol @ = o1y + ([ (hle 100l dz)

1-1/p 1/p
/ ([v]P=2| Dw])® dz < < / |v]°“’dz> ( / |Dv|"”dz> ,
G G

which yields ||u|lw1.«g) < p||v||Lq+1(G)||v||W1,q+1(G) and (4.9) becomes

and

_ —1)(1-A A
(4.10) [oll01 6y < Co' P olEriley Il g 10125416y
If we compute the exponents we get
1-x N(q—o) _(¢g+1Db-1
AM+1-X2" (g+1)(c+1)+N(g—o) q
and
Ap (g+1)e+1) _ g+ -6)

1
M+1-X N(g—o)+(qg+1(@e+1)
which is (4.5).
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Fourth step. End of the proof. We use (4.4) and (4.5) and get

(4.11) [vllze+106) < Crlvlliterie

1/(q+1) (g6+0—-1)/(q+1)
” ”Wl 9t 1(G) “ ”L"‘“(G)’

where § = N(q¢— o)+ 0+ 1/N(q— o)+ (g+ 1)(o + 1); using (4.2) yields finally

(4.12) H'U”LHI(BG) < C(”Dvlqu“(G) + “v”L"“(G)) “v“L6+l(G)

[
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