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LOCAL VANISHING PROPERTIES OF SOLUTIONS
OF ELLIPTIC AND PARABOLIC QUASILINEAR EQUATIONS

BY

J. ILDEFONSO DIAZ AND LAURENT VERON

ABSTRACT. We use a local energy method to study the vanishing property of

the weak solutions of the elliptic equation - div A(x, u, Du) + B(x, u, Du) = 0

and of the parabolic equation dip(u)/dt —div A(t,x,u,Du) + B(t,x,u, Du) = 0.

The results are obtained without any assumption of monotonicity on A, B, A

and B.

1.   Introduction.   In this paper we study some local vanishing properties of

weak solutions of elliptic and parabolic quasilinear equations of the following form:

(EE) - div A(x, u, Du) + B(x, u, Du) + C(x, u) = 0,

and

(PE) ttÍ>(u) - div A(t, x, u, Du) + 3(t, x, u, Du) + C(t, x, u) = 0,
at

where A (resp. A) is a vector valued function defined in LI x R x RN (resp. R+ x fi x

R x R^ ), B (resp. S ) is a real function defined in fi x R x RN (resp. R+ x fi x R x RN )

and C (resp. C) a real valued function defined in fi x R (resp. R+ x LI x R) and

where xjj is a continuous nondecreasing function vanishing at 0. The functions A,

B, C, A, 8, C and xjj are required to satisfy the following structural assumptions

for some constants Ci, • • •, C\, M\,..., M4 and c and some exponents q, a, 0, o

and m which will be made precise later.

(El) |A(x,r,p)|<Ci|p|9    V(i,r,p)eOxRxRff,

(E2) A(x,r,p)-p>C2|p|<?+1    V(x,r,p) G fi x R x RN,

(E3) \B(x,r,p)\ < C3\r\a\pf    V(i,r,p) G il x R x RN,

(E4) C(x,r)r >CA\r\a+i    V(x,r)GfixR,

(PI) \A(t,x,r,p)\ < Mi\p\q    V(t,x,r,p) ER+ xQxRxRN,

(P2) ^(í,x,r,p)-p>M2|p|9+1    V(i,a;,r,p)GR+ xilxRxR",

(P3) \B(t,x,r,p)\<M3\r\a\pf   V(i,x,r,p) G R+ x fi x R x RN,

(P4) C(i,i,r)r>M4|r|<T+1    V(i,z,r) G R+ x fi x R,

(P5) /(r) = rV>(r)-j(r)>c|r|(m+1)/m    Vr G R,
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where j(r) = f0 ip(s) ds satisfies the A2 condition. An important particular case

of (EE) is the equation

(1.1) -div(\Du\q-lDu) + \u\°-lu = Q,

which appears in the study of a stationary isothermical single reaction [4] or in

the non-Newtonian stationary fluids theory [29] (q > 0, a = 1). As for (PE), an

interesting particularization is

(1.2) -^ - div(\D(v\v\m-1)\q-xD(v\v\m-1)) + ¡vf-iy = 0,

which appears in filtration with absorption of gases in porous media (q = 1) [20],

spatial diffusion of a biological population [18] and in the study of nonstationary

non-Newtonian fluids (m — à = I) [29]. It must be noticed that (1.2) is linked to

(PE) in setting a = à/m and u = i>|v|m_1.

Our paper deals with the following vanishing properties:

(A) if u is a weak solution of (EE) in Bpo(xo) — {x G fi: \x - xq\ < po}, then

there exists pi, 0 < pi < po, such that u(x) = 0 Vx G Bpi(xo);

(B) if u is a weak solution of (PE) in R+ x Bpo(xo) and u(0, x) = 0 Vx G

Bpo(xo), then for any t < to there exists p(t), 0 < p(t) < po, such that u(t,x) = 0

VxG J3p(t)(x0);

(C) ifu is a weak solution of (PE) in R+ x Bpo (xo) and u(0, x) = 0 Vx G BPo (xo),

then there exists pi, 0 < pi < po, such that u(t, x) — 0 V(t, x) G R+ x BPl (xo).

If, for the sake of simplicity, we assume Cj, = M3 = 0, our main results can be

summarized in the following way:

(I) under hypotheses (E1)-(E4) property (A) holds if we suppose C2 > 0, C4 > 0

and 0 < a < q;

(II) under hypotheses (P1)-(P5) property (B) holds if we suppose M2 > 0, M4 >

0, o > 0 and mq > 1;

(III) under hypotheses (P1)-(P5) property (C) holds if we suppose M2 > 0,

M4 > 0, a > 0, m > 0, q > max(fj, 1/m) and if the ^energif of u in R+ x BPo(xo)

is finite.

As a consequence of those three local vanishing estimates we have the following

three global results.

THEOREM I. Assume C2 > 0, C4 > 0, 0 < o < q and u G L°+1(RN) n

W1'q+1(RN) is any weak solution of

(1.3) - div A(x,u, Du) + C(x,u) = f(x)

in RN, where f E L^+1^"(RN). If f has its support in BPo(0), then there exists

Pi > Po depending on H/IIl^+i»/»^«) and the structural constants Ci, C2, C\, q,

o and N such that suppu(-) C BPi(0).

THEOREM II. Assume M2 > 0, M4 > 0, c > 0, m > 0, mq > 1 and u is a

weak solution in R+ x R^ of

(1.4) 3tV(«) - div A(t, x, u, Du) + C(t, x, u) = 0
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such that j(u) E C°(R+;LXoc(RN)). Assume also that for any p > 0 and t > 0

there exists a constant K = K(t, p) such that for any y E RN

(1.5) sup ess /        f(u(r,x))dx+        /        A(r,x,u,Du) ■ Dudxdr < K.
T<t     JBp(y) JO   JByy)

If the initial data uq ofu vanishes outside Br(0), then there exists a nondecreasing

function defined on R+ such that R(0) — R and suppu(i, •) C P^(t)(0) for any

t >0.

THEOREM III. Assume M2 > 0, M4 > 0, o > 0, m > 0, c > 0, max(tr, 1/m) <

q and u is any weak solution of (1.4) in R+ x R" such that

j(u)EC°(R+;L¡oc(RN)).jy   I \       i    locv        n

Assume also that u satisfies the same condition (1.5) as in Theorem II. If the

initial data uo ofu vanishes outside Br(0), then there exists Ri > R such that

suppw(i, ■) C Pß^O) for any t > 0.

More general results involving C$, M3, a and ß will be given in the sequel. The

phenomena described in (A), (B) and (C) are already known for solutions of (1.1)

and (1.2) ([11, 13, 14, 16, 19], etc.) but they have always been obtained on the

basis of comparison principles where the monotonicity of the different operators is

crucial. On the contrary our method is just an energy method and no assumption

of monotonicity on A, B, C, A, B and C is needed. Moreover it is a unified method

and the proofs of I, II and III are parallel. Roughly speaking, the idea is to multiply

the equation (EE) or (PE) by u, to integrate in some ball of radius p, Bp(xo), and

to use Green's formula. We then obtain a first order differential inequality involving

the energy E(p) of u concentrated in Bp(xo) of the type

(1.6) Kpa°±E(p)>(E(p)r>.
dp

In case (B), K = K(t) is a power of t. Integrating (1.6) we obtained estimates

for pi = pi(po,i£(po)) such that E(px) = 0 and then

(1.7) u(-) — 0    a.e. in BPi(xq)

(pi depends also on t in case (B)). In cases (B) and (C) we also assume u(0, ■) = 0

a.e. in JBPo(xo). A key-stone tool for such a program is an interpolation-trace result

which will be proved in §4.

This energy method was first introduced by Antoncev [3] in a pioneering but

very formal work where he essentially obtained a result of type II in the framework

of Lions' existence results [28] for solutions of (PE). We give here a rigourous proof

of his result in a more general situation.

It must also be noticed that our results hold in some cases of variational inequal-

ities (take o = 0).

ACKNOWLEDGEMENTS. This paper was partially written while the second au-

thor was visiting the Universidad Complutense in the framework of the Scientific

Cooperation between France and Spain.
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2. The elliptic equation. In this section fi is an open subset of RN, N > 1,

A, B and C are Carathéodory vector valued (for A) or real valued (for B and C)

functions defined in fi x R x RN (for A and B) or in fi x R (for C) satisfying (El),

(E2), (E3) and (E4).
DEFINITION 2.1. A locally integrable function u defined in fi is a weak solution

of (EE) if

(i)DuELq^(n),q>0,

(ii)B(;u,Du)eL¡oc(Q),

(iii) C(;U) E L¡oc(ü),
and for any <p E Co°(fi) the following equality holds:

(2.1) / {A(x, u, Du) ■ Dip + B(x, u, Du)<p + C(x, u)ip) dx = 0.
Ju

We set Bp(xo) = {x: \x — xo\ < p} and £>p(xo) = dBp(xo). Our main result is the

following

THEOREM 2.1. Suppose C2 > 0, C4 > 0, 0 < o < q, 0 < ß < q + 1, a =

a - ß(o + l)/(q + 1) and C3 < C4 (resp. C3 < C2) ifß = 0 (resp. ß = q + 1) or

if 0 < ß < q + 1. If u is a weak solution of (EE) in fi, xo G fi and po is such that

0 < po < dist(xo,dfi), then u(x) = 0 a.e. in BPl(xo), where

(2.3)

Pi=P^o-C min (       fJ;po)        max(l,p0-1)max(^(po),bnpo))},
(CT+i)/(q+i)<T<i (T(q + 1) - a - 1 J

where C — C(Ci,C2,C3,C4,N,q,cr,ß) and

(2.4) E(p)= [ A(x,u,Du)-Dudx,    b(p) = f \u\a+1 dx,
Jbp(x0) JBp(xo)

q - o        o + 1 - r(t7 + 1)
(2.5)     K = N(q-o) + (o+l)(q + l),     r/

q(a +1) k

(2.6) l=r[q+l)-a-lt     ^ = (l - r)(g + 1) ̂      y =

k *    p k ' qdtr + iy

REMARK 2.1. If pi < 0, then Ppl(xo) is empty and we have no information

on the vanishing set of it. But if the total energy of u in PPo(xo) defined by

E(po) + b(po) is not too large, then pi > 0 and there truly exists a vanishing set of

u in Bpo(xo). The exact value of pi is not easy to compute through (2.3), moreover

if min(b(po),E(po)) = 0, then po = Pi, which was obvious from the hypotheses.

LEMMA  2.1.   Under the hypotheses of Theorem 2.1, A(-,u,Du) ■ Du, \u\a+1,

\A(-,u,Du)\u and B(-,u,Du)u belong to L1(BPo(xo)) and for almost every p E

(0, po) we have

(2.7)

/ A(x,u,Du)- Dudx + d I \u\"+1 dx + B(x,u,Du)udx
JBp(x0) JBp{x0) Jbp(x0)

< / A(x,u,Du) ■ uuds,
JSp(x0)

where v = v(x) is the outward normal vector at x E Sp(xo)-
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PROOF. From the definition we deduce with standard Poincaré and Sobolev

inequalities arguments that u E Lr(BPo(xo)) with 1/r = l/(q+i) — l/N if q+l < N

or r < +00 if q + 1 > N. Hence u E La+1(BPo(xo))- From Holder's inequality and

(E3) uB(x,u,Du) is integrable in PPo(xo) and it is the same with \A(x,u,Du)\u

so fg ,   , A(x,u,Du) ■ Vuds exists for almost all p in (0,po).

We now define for m G N, Tm(u) = sign(u) min(m, |u|) and for n E N and

p G (0, po), we consider the sequence of functions ipn: [0, po] h^ R+ such that

fl ifrG[0,p-l/n],
(2.8) Mr)=\0 ifrG[p,po],

{ -n(p-r)       if r€ [p-l/n,p].

From a result of Stampacchia [33], <pn,m(x) = Tm(u(x))tpn(\x - xo|) belongs to

W0'q+ (BPo(xo)) so it is an admissible test function and we have

(2.9) / {A(x,u,Du) ■ Dtpn^m +B(x,u,Du)(pnim + C(x,u)ipn<m}dx = 0.
JbPo(x0)

But

/ A(x, u, Du) ■ D<pn,m dx
JBP0(x0)

{tpnA(x,u, Du) ■ DTm(u) + Tm(u)A(x,u, Du) ■ Dt¡jn} dx.
Jb,IBp(x0)

We deduce from Lebesgue's theorem as m goes to infinity that

(2.10) Bpo(x°
j ipn{A(x, u, Du) ■ Du + B(x, u, Du)u + C4|u|CT+1} dx

J Bor,(xa)

< — I uA(x, u, Du) ■ Dtpn dx.
JBpn(x0)j(*o)

But

/ / X — Xo
— / uA(x, u, Du) ■ Dipn dx = n I uA(x, u, Du) ■ -.-¡- dx.

JBP0(x0) Jp-l/n<\x-x0\<p |X-X0|

Using spherical coordinates (r, uj) with center xo we have

n uA(x,u,Du)---; dx
Jp-l/n<\x-x0\<p \X - Xo\

= n /        uA(x,u,Du) ■ vrN~l dujdr,
J p-l/nJS"-1

where x = rw.   From Lebesgue's differentiation theorem and the fact that r h->

fSN-1uA(ru),u,Du) ■ VrN~lduj E Ll(Q,po), we deduce that for almost all p G

(0,Po),

(2.11)   lim ni ¡        uA(ruj,u,Du)-VrN~l du> = / uA(x,u,Du)-uds.
n^°°     Jp-l/nJs»-* Jsp(x0)

Going to the limit (n —» oo) in (2.10) we deduce (2.7).

The keystone of the proof of Theorem 2.1 is the following interpolation-trace

result whose proof will be given in §4.
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LEMMA 2.2. Suppose G is a bounded open subset of RN, N > 1, with a C1

boundary dG and 0 < o~ < q < oo. Then there exists a constant C depending on a,

q and G such that for any v E W1'q+1(G) we have

(2.12) N|l«+i(¿ig) < C(\\Dv\\Lq+i{G) + \\v\\L^+i{G))e\\vWl~l1{G),

where 9 = (N(q - o) + o + l)//c.

As a consequence we have

COROLLARY 2.1.   If in Lemma 2.2 we suppose that G = Bp(xo), p > 0, then

for any u G W1,q+l(Bp(xo)) we have

(2.13)
IM|l«+i(S,(*o)) ^ G(\\Du\\L<l+ifBi>rXo)) +PS\\u\\l- + HBp(x0)))9\H\1L.Îi{3p(x0))

where 8 = n/(q + l)(cr + l) and C = C(N,a,q).

PROOF. For the sake of simplicity we suppose xo = 0 and we perform the

following change of variable: x = py, x E Bp(0), y G ßi(0). If u G W1'q+1(Bp(0)),

the function v defined by v(y) = u(x) belongs to W/1'9+1(Pi(0)) and from (2.12)

we have

(2-14)     IMIl^+hs^o)) <C(\\Dv\\Lq+iiBli0)) + \\v\\L„+ifBlr0))) ||v||L7+i(Bl(o))-

But Dv(y) = pDu(x),

lkllL" + MBi(0)) = P~Nna+l)\W\L° + HBp(0)),

l|öt;||L,+1(ßl(o))=p1-;v/(9+1)||Du||L,+1(ß,

and

As

and

(BP(0)),

Mli'+HSiio)) =p   {n   1)/(<?+1)||u||L,+i(Sp(o))-

N N-1       1-9   N
+ ^T,-TT-7,-7   =0

9+1     0(c+l) 9    cT+1

N N-l        1-9    N N(q-o) + (a+l)(q+l)

cT+1      0(9+l) 9    cT + 1 (9+l)(cr + l)

we get (2.13).

Proof of Theorem 2.1.
First step. There exists a constant C$ = C^(C2,C4,q,o,ß), C$ > 0, such that

(2.15) E(p) + Cib(p)+ f        B(x,u,Du)udx>C5(E(p) + b(p)).
Jbp{x0)

When ß = 0orß = q+l this is clear; when 0 < ß < q + 1 this can be seen as

follows: from (E3) we have

f        B(x,u,Du)udx <C3 [        \u\a+l\Duf dx.
JBp{x0) Jbp(x0)

Using Young's inequality, we have for any s > 0 and r > 1

(2.16) \u\a + 1\Duf <  *|u|T<Q + 1> + ^^le-mr-l)\Du\ßr/{r^)^
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If we choose r = (a + I)/(a + 1), then ßr/(r - 1) — q + 1 and

(2.17) \u\a+1\Duf < eq + 1~ß\u\°+l + J-e-l9J+i-ß)/ß\Du\q+i

which implies

(2.18)

f        B(x,u,Du)udx < sC3q-±±^b(p) + -W*e-lq+i-MßE{p).
Jbp(x0) 9+1 C2(9 + l)

As C3 satisfies (2.2) it is possible to find e > 0 depending on 9, ß, C2, C4 such that

(2.19) eC3Q+1~ß <C4    and        fg3 (q+i-^ < t
V       ; 9 + 1 C2(9+l)

If we set

c^^^i^-^-™}

we get (2.15).

End of proof. From (2.7) and (2.15) we have

p(*o)

and

vuds
Sp(x0)

\ 9/(9+1)    / x   l/(g+l)

(2.20) C5(E(p) + b(p))< f        A(x,u,Du)-vuds
JS0(xo)

I A(x,u,Du)
Jsp(x0)

<Ci[ [        \Du\q+1ds) If        \u\q+1ds
\Jsp(x0) j \Jsp(x0)

In spherical coordinates (uj, r) with center xo we have

E(p)=        f       A(ruj,u,Du)-DurN~1dujdr;
Jo Js"-1

hence E is almost everywhere differentiable and dE(p)/dp = fSN-i A(puj,u,Du) ■

DupN~1duj and from (E2) dE(p)/dp > C2fs {xo) \Du\q+1 ds.   So we get (using

(2.13))
(2.21)

/ JT?\ 9/Í9+1)
E(p) + b(p) <K[y^) (E(p)1'^ + psb(pY^q+V)äb(p)^-6V^+i\

where K = K(Ci,C2, C5, N,0,9, ß). Moreover for 0 < r < 1, we have

^(p)1/(«+1)6(p)(1-°)/^+1) + psb(pY'e^+^

= £;(p)1/(9+l)ö(p)r(l-0)/e(<T+l)6^(l-T)(l-o)/ö(<T+l) + . . .

+ psb(py/(Q+^+Hi-6)/e(^+i)b^py/e(o+i)-i/(q+i)-T(i-e)/e(o+i)

If we set

(2.22) K0 = max(6(po)(1-T)(1-fl)/(ff+1),í»(A))(1"T(1"fl))/(<r+1)~fl/(,+ 1)).
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we get from Young's inequality

£(p)V(9+i)6(p)(i-*)/«("+i) + psb(pY^+^

< 2p6K01/emax(l,PÖ6)(E(p) + 6(p))V(«+i)+r(i-«)/í(«H-i)j

Hence we deduce

(2.24)

(E(p) +6(p))i-»/(«+D-(i-ö)/(-+i) < 2Ve^omax(l,pôée) (j^j'^ ■

Let Ki = (2XÄ"0max(l,p0"'5e))(«+1)/«. Then £ satisfies the differential inequality

(2.25) Kipse(-q+1)/q— > £;(p)i+(i-e)/9-r(i-e)(q+i)/g(<7+i)_
dp

Integrating (2.25) yields (if r(q + 1) - o - 1 > 0)

Kig(a + 1)

(l-0)(r(9+l)-cr-l)

(2.26) x {£(/9o)(1-0)('-(9+l)-<'-l)/9(<7+I) _ Etpi}(l-0){r(q+l.)-o-l)/q<,<T+l)}

>
,   i-oo(i-ri/q) i-

7y \Po - Pi
9 -¿0(9+1)

Hence if

(2.27)
1-60(1+1/9) _    1-60(1+1/9)

Pi — Po

Ki(o + 1)(9 - 89(q + 1)) £(    ]a-e)(r(Q+i)-a-imqia+i))

(l-9)/(r(q + l)-cr-ir(P0)

then E(pi) = 0 and E(p) = 0 for p < pi so (2.21) implies 6(p) = 0 which means

u(x) = 0 a.e. in Bp(xo) for p < pi- If we compute the exponents we have

,   1\ _ k (l~9)(T(q+l)-o-l) _r(9+l)-o--l

9/       9((7 + l)' 9(fj+l) K

which implies (2.3) with (2.5) and (2.6).

REMARK 2.2. We can relax the hypotheses on a and ß in assuming that u G

Lg'c(fi), which is the case if

(2.28) |C(x,r)|<C6|r|9 + JD,

Cq and D being some constants (see [26]). From (2.17) it is easy to see that we

just have to suppose a>0, 0 < ß < q + I and Cz small enough in order to get

(2.3).
As an application of Theorem 2.1 we have the following global result which

contains Theorem I.

COROLLARY 2.2. Assume fi = RN, C2 > 0, C4 > 0, 0 < o < q, and (2.2) if

0 < ß < q + 1 or C3 < Ci (resp. C3 < C2) if ß = 0 (resp. ß — q + I) and suppose

u E W1'q+1(RN) n La+1(RN) is any weak solution of

(2.29) - div A(x, u, Du) + B(x, u, Du) + C(x, u) = f(x)
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in RN, where f G L^a+1^a(RN). If f has its support in BPo(0), then there exists

pi > po depending on ||/||l(<'+1)/<'(rn) and the .structural constants C\\ C2, C3, C4,

N, 9, a, ß such that supp(u) C BPl (0). If we suppose moreover that 9 + 1 < N or

C(x,r) satisfies (2.28) the result remains true if we just suppose u G La+l(RN),

Du E Lq+1(RN) and f E L^q+1^q(RN).

PROOF. As u is a weak solution of (2.29), we have

(2.30)

/     A(x,u,Du)-D<pdx +        B(x,u,Du)<pdx+ I     C(x,u)<pdx — /     f(x)<pdx
Jr." Jrn Jrn Jrn

for any ¡p G C0X'(RN)- Using the same truncation method as in Lemma 2.1 we have

for any f € C$?(RN), c > 0,

(2.31)   /    {çA(x,u, Du)-Du + uA(x,u,Du)-Dc + B(x,u, Du)uc + C(x,u)uç}dx
Jrn

= jRJucdx.

If we take Ç — cn such that 0 < çn < 1, f„(x) — 1 if |x| < n, <;n(x) — 0 if |x| > n + 1

and H-Dfnlk00 < 2, then

(2.32

LuA(x, u, Du) ■ Dçn dx
RN

1/(9+1)   /   , \ 9/(9+1)

<2Ci[ f |w|9+1cix) (/ \Du\q+1dx)
\Jn<\x\<n+l J \Jn<\x\<n+l J

If n —> +00 we deduce (as in the first step of the proof of Theorem 2.1)

(2.33) C5 f   {A(x,u,Du)-Du+\u\'7+1}dx< f    fudx.
Jrn Jrn

From Young's inequality

f    fudx<e f    \u\a+1dx + Ce f    \f\{<T+1)/a dx.
Jrn Jrn Jrn

If s < C5 we deduce that

(2.34) f    A(x,u,Du)-Dudx+ f    \u\a+1 dx < k f    \f\{<T+l)/a dx
Jrn Jrn Jrn

for some structural constant k. Hence E(oo) and 6(co) remain bounded indepen-

dently of u and, for any r > 1 and Xo G RN,

(2.35) C       min       {   . ^y   ^ max(l,rt/-1)max(6M(r),b7'(r)) 1 < Kru~\
V ' l/(q+l)<r<l \t(9+1)-1 V' ' V      V   "       V   '')   -

where C depends on the structural constants and fRN \f\^<T+1^',T dx. If we apply

Theorem 2.1 in Pr(xo), where |x0| = po + r, we deduce that suppu c BPl(0) with

Pi = Po + max(l,Ä").

If we suppose 9 + 1< N, then Du G Lq+1(RN) implies u E L^q+1>(RN) with

1 11

(9+I)* = qTl ~N'
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Hence u G L"+1(RN) ilLq+1(RN), so u G W1-«*1^) and we can go to the limit

in (2.32) and get (2.34). If C(x,r) satisfies (2.28), then u G L°°(RN - B2po(0))
(see [26]) and u G Lq+1(RN) from interpolation results.

REMARK 2.3. The result of Corollary 2.2 is already known when (2.29) has the

particular form

(2.36) - div(|Du|«_1Du) + M"-1« = /

(see [8, 16, 34]); it fails if q < o. Other vanishing properties for first order

quasilinear equations of the form

(2-37) -E¿(*<(«))+/*(«)=/
i

can be found in [17].

REMARK 2.4. In Theorem 2.1 we can relax the hypothesis of continuity on

R i—► C(x,r) in order to treat some variational inequalities (a = 0). We can also

deal with unilateral constraints on u such as the weak variational inequality

(2-38) { - div A(x, u, Du) + B(x, u, Du) > f(x),

in the sense that uGL^fi), Du E Lq+1(ü), B(-,u,Du) G Lx(fi) and

(2.39) / {A(x,u,Du) ■ D<p + B(x,u,Du)ip}dx > / f(x)<pdx
Jn Jn

for any <p G Cg^R^), <p > 0. If for some e > 0 we have f(x) < —e a.e. in fi we

can apply Theorem 2.1 provided C3 is small enough (see [11] for a basic result).

3. The parabolic equation. In this section fi is an open subset of RN, N > 1,

A, B and C are Carathéodory vector valued (for A) or real valued (for B and C)

functions defined in R+ X fi x R x RN (for A and fl) or in R+ x fi x R (for C)

satisfying (P1)-(P4) and V satisfies (P5).

DEFINITION 3.1. A measurable function u defined in R+ x fi is a weak solution

of (PE) with initial data uo if for any T > 0 and any open subset G relatively

compact in fi we have

(i) DuELq+1((0,T)xG),

(ü)S(v,«,.Du)e¿a({o,r).xG),
(iiiK^-^GLHMxG),
(iv)i(«(i,0)6l*(0,T;L1(G)))
(v) limesstioi(u(i,-)) = J(M')) in Ll{G),

where j(r) = /J i/j(s) ds satisfies the A2 condition and for any ç E Co°(R+ x RN)

we have
r+oo     r

(3.1)        /        / {A(s,x,u,Du) ■ Dç +B(s,x,u,Du)ç + C(s,x,u)ç}dxds
Jo      Jn

= I        / i¡j(u(s,x))-^dxds+ j i¡)(uo(x))c(ti,x)dx.

Our first result is a finite speed of propagation property of the support of the

weak solutions of (PE).
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THEOREM 3.1.   Suppose M2 > 0, M3 > 0, M4 = 0, mq > 1, c > 0, 0 < ß <

9 + 1, a = (q+l-ß(m+l))/m(q + l) and let T* bec/M3 (resp. +oo and M3 < M2)

if ß = 0 (resp. ß = 9 + 1) or

<32» r - ^M3-<<+«"«+>-« (M2i±i)W"+,"fl,

i/ 0 < ß < q + 1. If u is a weak solution of (PE) in R+ x fi with an initial data

uo vanishing in Bpo(xo), xo G fi, 0 < po < dist(xo,dfi), then u(t,-) = 0 a.e. in

BPl(t)(xo) forO<t<T, where T <T* is arbitrary,

p»(t) = p»-Ctx min f ■£•>(*, Po)-_max(lp^l)
P1W     ro (m+i)/(m(9+i))<T<i \mr(9+l)-m-1        v 'r°    ;

(3.3) .

x max(6'J(í,po),6T'(í,po))|,

where C = C(Mi,M2,M3,N,q,m,ß,T,c) and

et    ç

(3.4) E(t,p)=       / A(r,x,u,Du) -Dudxdr,
Jo   Jbp(x0)

(3.5) b(t, p)= sup ess f |u(T,x)|(m+1)/m(ix,
0<T<t Jb„(x0)

(3.6) K = N(mq-l) + (q+l)(m+l),

_ _ mr(9 + 1) - m - 1 _m(l-r)(q+l)
(o.i) 7— ,     p— ,

K K

,„„, /c ,m+l mq - 1       m + 1- mr(9 +1)
3.8)    ^=-7-—TT,    A=-,    77 = —-—-.

q(m +1) K 9(m+l) k

REMARK 3.1. As in Theorem 2.1, PPl(t)(x0) =0 if pi(i) < 0, but for t small
enough pi(i) is positive, which means that the speed of propagation of the sup-

port of u is finite. Moreover if the function t 1—> j(u(t, ■)) is essentially continu-

ous from R+ into Lloc(Ll) we can iterate Theorem 3.1 on (T,2T), (2T,3T), etc.,

for a.e. T, as long as pi remains > 0: we just have to replace t by t — T (on

(T,2T)). An exact formula for the speed of the interface is difficult to obtain as

limt->o b(t, po) — limt-.o E(t, p0) = 0 (see Knerr [25] for computations in the porous

medium equation case).

LEMMA 3.1. Under the hypotheses of Theorem 3.1, A(-,-,u,Du) ■ Du,

B(-,-,u,Du)u, C(-,-,u)u and u\A(-,-,u,Du)\ belong to L1((0,T) x ^^(xo)) and

for almost all p G (0, po) and t E (0, T") the following inequality holds:

JO   JE
{A(t,x,u,Du) ■ Du + B(r,x,u,Du)u + C(r,x,u)u}dxdT

Bp(x0)

(3.9) + / f(u(t,x))dx
Jbp(x0)

< j f(uo(x))dx+ /    / A(t,x,u,Du) ■ Puds dr.
Jbjxo) Jo Jsjxo)'Sp(xo) ./0   JSp(x0)

PROOF. From hypotheses it is clear that A(-, -,u,Du) ■ Du, B(-, -,u,Du)u and

u\A(-, -, u, Du)\ are locally integrable in R+ x fi. We now define for / G N, Ti(u) =
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sign(u) min(/, |u|). For n E N and p E (0, po) we consider ipn defined on [0, po] by

(1 ifrG[0,p-l/n],

(3.10) tMr)=Jo ifrG[p,p0],
{ -n(p-r)        if re [p- l/n,p].

For t G (0, T*) and k E N set ck defined on [0, T*] by

Í1 if r€[0,t-l/fc],
(3.11) Ck(r)=l0 if rE[t,T%

{ -k(t-r)       if rG [t-l/k,t\.

For h G (0, T* - t) we set

/T + h h~lTi(u(e,x))de.

It is clear that <p is an admissible test function so we have

"+oo

(3.13)

/        / {A(t,x,u,Du) ■ D<p +B(t,x,u,Du)u+C(t,x,u)u)dxdr
Jo      Jbp(x0)

/*oo      /* ii /*

=  /      / iP(u(t,x))-¿— dxdr + / i/i(uo)^(0,x) dx.
/o    Jbpo(x0) öt Jbpo(x0)

From (iv) it is clear that both ip(u) and utp(u) belong to L°°(0,T*; L1(BPo(xo))

and it is the same with the function r i—> ip(u(r, ■)) f h~lT\(u(e, ■)) de so we can

suppose that t is one of its Lebesgue points (independently of / and h). Hence

~+oof+oc  f dip
lim    / / tp(u(r,x))-^-dxdr
-+°°A)      Jbpo(x0) or

= /    / t¡i(u(t,x))-— dxdr - / ijj(u(t,x))ip(t,x)dx,
Jo   Jbpo(x0) dT Jbpq(x0)

where <p(r,x) = <pn,i,h(T,x) = ipn(\x - x0|) fj     hrlTi(u(£,x)) de.   So (3.13) be-

comes

(3.14)

/    / {A(t,x,u, Du) ■ D(p + B(t,x,u,Du)tp + C(t,x,u)ip}dxdr
Jo   Jb„0(x0)

/    / xp(u(T,x))— dxdr -    I ip(u(T,x))<p(T,x)dx
Jo   Jbo„(x0) öt JBpn(x0)

T=0

As j is convex and increasing on R+ (resp. decreasing on R  ) we have

(3.15) j(3l(«(i-+fc,x)))-i(ri(tt(T,x)))>^(ti(r,a:))(r,(«(T+Ä,x))-2l(t»(T,x))).

So computing dp/dr and using (3.15) yields

(3.16)t
/    / ip(u(T,x))—-dxdr

Jo Jbp0(x0) ötBpo{xn)

<

/•t+h    t- rh   ç

h-1 / ¿(TtU^ndxdT-h-1 / j(TlU)lpndxdT,
St JBpn(x0) Jo    Jbpo(x0)
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where tpn(-) = tpn(\ ■ — xo|).  Using again the properties of j and (v) implies that

the right-hand side on (3.16) converges to

/ j(Ttu(t,x))ijjn(x)dx- / j(Tiu0(x))ipn(x)dx
Jbpo(x0) JBpo(x0)

as h goes to 0, for almost all t. If we set

(3.17) <pn,t(rtx) = i>n(\x- x0\)Ti(u(t,x))

we deduce with Lebesgue and Fatou's theorems (as h —> 0)

(3.18)t
/    / {A(t,x,u, Du) ■ Dífnj + B(r,x,u,Du)ipn¿ + C(t, x,u)ipnj}dxdr

Jo   Jbpo(x0)

|T=i

< / {j(Ti(u(r,x))) -ip(u(T,x))Ti(u(T,x))}ipn(\x-x0\)dx
J Bpr.(x0)jPq(xo)

From hypotheses the right-hand side of (3.18) converges to

| T = 0

J T = 0

/ f(u(T,x))i¡jn(\x-xo\)dx
JBP0 (xo)

as / goes to +oo. Moreover, computing Dtjjn and using Lebesgue's differentiation

theorem as in Lemma 2.1 yield for a.e. p G (0, po)

(3.19) lim — /    / uA(t,x,u,Du) ■ Dipndxdr
n^°°      Jo   Jbp(x0)

= j    j uA(t,x,u,Du) • vdsdr.
Jo   Jsp(x0)

Moreover J0 fg   ,   , C(t, x,u) ■ udxdr exists and we have

(3.20)

/    / {A(t,x,u,Du) ■ Du + B(t,x,u,Du)u + C(t,x,u)u)dxdr
Jo   Jbp(x0)j(xo)

ft

< I    I uA(t,x,u,Du) ■ udsdr +
Jo   Jsp(x0) L

-|T = 0

f(u(r, x)) dx
Bp(x0)

which is (3.9).

PROOF OF THEOREM 3.1. First step. We fix T < T* and we claim that

there exists a constant M5 = M5(T, M2, M4,m, c, q, ß), M5 > 0, such that for any

(t, p) E [0, T] x [0, po] the following holds:

(3.21) E(t,p)+cb(t,p) /    / uB(r,x,u,Du)dxdr
Jo Jbp(x0)

<M5(E(t,p) + b(t,p)).

This is clear when ß = 0orß = q + l. When 0</?<9+lwe have

(3.22) /    / uB(r,x,u,Du)dxdT
Jo Jbp(x0)

<M3 f   f \u\a+l\Du\0dxdr,
Jo   Jbp(x0)
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and with Young's inequality we get for any e > 0 and r G (1, +oo)

(3.23) |u|0+1|Dii|"< -|dT(a+1) + llr-l/(T-l)\Du\ßT/(r-l)t
T T

If we choose t = (m+ l)/m(a + 1), then ßr/(r — 1) = q + 1 and

• t

! IJo JtBp(xa)

<eM3

B(t,x, u, Du)u dx dr

9+1-/?

9 + 1    Jo Je
\u\(m+l)/mdxdt

Bp(xo)

ßM3 (q+i_ß)/ß+ M2(9+1)£ [t,P)-

But

f   f        \u\(m+1VmdxdT<Tb(t,p).
Jo   Jbp(x0)3P{x0)

As T < T* it is possible to find e depending on T, M2, M4, m, q, c and ß such that

*+1~ß<c   and     ,AM\^<W<1.(3.25)

If we set

eM3T-
9+1 M2(9+l)

M5 = min L - eM3Tq-±^-, i _ -J^e~^~M
\ 9+1 M2(9+l) J

we get (3.22).

End of the proof. From (3.9) we have for (t,p) G [0,T] X [0, po],

(3.26)  E(t,p) + c f \u(t,x)\{m+1)/mdx-   f   f B(T,x,u,Du)udxdT
J Jo   Jbp(x0)

< / f(u0(x))dx + /    / A(t,x,u,Du) ■ uudsdr.
Jbp{x0) Jo Jsp(x0)

But uo vanishes in Pp(xo), and from Holder's inequality and (PI)

(3.27)

/    / A(t,x,u,Du) ■ uudsdr
Jo Jsp(x0)

\ 9/(9+1)

<mA¡* [        \Du\q+1dsdT) If   f        \u\q+1dsdT
\Jo   Jsp{x0) J \Jo   Jsp(xo)

As in the proof of Theorem 2.1 we have for almost all p E [0, po],

dE,

1/(9+1)

(3.28) -(t,p)>M2 f   f        \Du\q+1dsdr.
dP Jo   Jsp(xo)
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Using (3.22), (3.26), (3.27) and (3.28) we get

(3.29)
M5(E(t,p) + b(t,p))

9/(9+1)   /   rt    - \  X/(9+l)

>Sp(x0)

Using (2.13) with o replaced by 1/m (which is possible as qm > 1) we deduce

ft

/ U,.\q+1d.«dT

<2MiM-q/{q+1)(^(t,p)Y Iff        \u\q+1dsdT
\dP J WO   JsJxo) j

(3.30)     f   f        \u\q+1dsdT
Jo   Jsp(x0)

< Cq+1 f (\\Du\\Lq+1{Bp{xo)) +p6\\u\\L(m+Wm{Bp{xo)))e(q+V
Jo

x iyi(1-")(9+1) dr* \\u\\L("'+'-V™(Bp(x0))aT

with

_ JV(m9 - 1) + m + 1 N(mq - 1) + (m + l)(g+l)

~ iV(m9-l) + (m+l)(9+l)    &n ' (m+l)(9+l)

Using Holder's inequality and (a + b)q+1 < 2q+1(aq+1 + bq+1), we get

(*o)

/   /        \u\q+1dsdT
Jo   Jsp(x0)

< (2C)q+1 I f   f \Du\q+1dxdT
\Jo   Jbp(x0)

+... + fl*(9+l)  f  \\u\\q+x ¿T

of h|^+i
1-0

which implies

l"™(Bp(x0))dT

1/(9 + 1)

(3.31)     ( /   / \u\q+1 dsdr
\Jo Jsp(x0) )

<2Ct^-ey(q^(\\Du\\Lq+imt)xBp(xo))

+ p6tl/(q+l)bm/(m+l),t ^ebm(l-e)/(m+l)(t^

Then there exists a constant K — K(T,M2,Mi,m,q,ß) such that

(3.32)
/ r)TT \ 9/(9+1)

E(t,p) + b(t,p)<Kt^-^q^[^(t,p)j

x (£1/(9+1)^ p) + p6tl/(q + l)bm/(m + l)^p))ehm(l-e)/(m+l)^py
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(3-33) .   1/fl

For any 0 < r < 1 we have

Eii(q+l\t,p)bm^ey^m+l\t,p) + phl^q+lhmi0^m+1\t,p)

= El^q+l\t,p)bTm^-ey^m+1\t,p)b^T^^ml^m+1\t,p)

+ p6tl/(q+l)bl/(q+l)+rm(l-0)/6(m+l)frp\

X (i;p)m/ö(m+l)-l/(9 + l)-rm(l-0)/0(m+l)^^\

We set

K0 = max(l,Te/(9+1))max(fcm(1-T»1-e)/(m+1)(í,po),

b(m-mT(l-e))/(m+l)-e/(q+l)rtpQ\\

and get

£1/(9+1Hí,p)6m(1-0)/9(m+1)(íí/') + /í1/(9+1)í'm/9(m+1)(ííp)

< 2p6K01/emax(l,pö6)(E(t,p) + 6(i,/,))V(«i+i)+mr(i-e)/(m+i)

This implies the inequality

(E(t,p) + 6(i)P))l-<V(9+l)-mr(l-0)/(m+l)

< 2/íí(i-0)/(9+i)p60Komax(1)P-60) ^(ijP)y/(?+1) _

and finally E satisfies the differential inequality

(3.34)     Kit^~6^qp6e^^lq^-(t,p) > £;i+(i-e)/9-rm(i-0)(9+i)/9(-+i)(i)p);

with Ki = (2KK0max(l,poé9))(«+1)/«. Integrating (3.34) yields

(m+^qKit^-oyi

(l-0)(mr(9+l)-m-l)

3 ... {£(l-0)(-r(9+l)-m-l)/9(m+l)(i)A))

_£(l-«)(>»T(?+l)-m-l)/g(m + l)^ftj|

> 9 /   1-60(1 + 1/9) 1-60(1 + 1/9)^
-9-¿0(9 + l)(P° ~Pl ''

and the end of the proof is as in Theorem 2.1.

REMARK 3.2. As in Theorem 2.1 it is possible to relax the hypotheses on a and

ß if we know a priori that u E L°°((0, T) x BPo(xo))- We just have to assume a > 0,

0 < ß < 9 + 1 and M3 small enough (cf. [35] for some specific L°° estimates).

COROLLARY 3.1.   Assume that u is a weak solution of

(3.36) yri>(u) - div A(t,x,u, Du) + B(t,x,u, Du) + C(t,x,u)=0

in R+ x RN such that j(u) G C°(R+;L¡oc(RN)) and that for any p > 0, t > 0

there exists K = K(t, p) such that for any y E RN

(3.37) sup ess /        f(u(r,x))dx+        /        A(t,x,u,Du) ■ Dudxdr < K,
r<t   Jbp(v) Jo Jbp(v)
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and assume also that the structural hypotheses of Theorem 3.1 are satisfied (with

M3 < M2 if ß = 9 + 1). If the initial data uo of u vanishes outside Br(0), then

there exists a nondecreasing function 1h-> R(t) defined on R+ such that R(0) = R

and suppu(i, •) C BRtty(0) for any t > 0. // S = 0 or ß = 9 + 1, then

(3.38) R(t)=R + Cmax(tx,t1/q)

with A given in equation (3.8) and C depends on the structural constants,  and

I|wo||l<">+i)/"'(r'v).

PROOF. Step l. We claim that there exists T > 0 such that for any t E [0,T]

the support of u(t, ■) is compact.

In order to prove this result, we fix T' < T*, p > 0 and |xo| > R + p and apply

Theorem 3.1 in Pp(xo). From (3.37) there exists a constant M depending on the

structural constants, T" and p but not on xo such that if pv > Mtx max(l, p"-1) and

t < V, then u(t,x) = 0 a.e. in Bpi{t)(x0), where p\(t) = pv - Mtxma3t(l,pu-1). If

we set Tx = min(T"A,min(pI/,p)/M) and make xo run all over the complementary

of Br+p(0) we deduce that for any t < T, u(t, x) vanishes for almost all |x| >

P + p-pi(f).
Step 2. We claim that for any t > 0 the support of u(t, ■) is compact.

We proceed by contradiction in supposing that the subset of the i's of R+ such

that the support of u(t, ■) is compact for 0 < r < t admits an upper bound t* < +00.

From (3.37) we have

(3.39) sup ess /        f(u(r,x))dx+ f       /        A(r,x,u,Du)-Dudxdr < K(t*,p)
r<2f Jbp(v) Jo     Jßp(y)

for any y E RN. For any t < t* the support of u(t, ■) is included in some ball

•Bß(t)(0), so we can apply Theorem 3.1 on [i, +00) x RN (if we set s = r - t and

v(s,x) = u(t,x) the function v satisfies (PE) in R+ x RN with u(t, •) as an initial

data). Proceeding as in Step 1 we see that there exists M > 0 such that, for any

\y\ > P(i)+pand (r-t)x < min(t*x,min(p",p)/M), u(t, ■) vanishes a.e. in Bp/T^(y)

where Pv(t) = pv — M(t — t) max(l, p"-1). Moreover from (3.39) and the definition

of v the constant M does not depend on t < t* and on y in RN — Pñ(t)+p(0), so

u(t, x) = 0 for almost all |x| > R + p — p(r). In particular for

( (\ \1/AN
r = min I t* + t, t + ( — min(pl/, p)

u(t,-) vanishes a.e. in RN — BR+p_piT-j(0). If we take t close enough to t* we

have a contradiction, so t* = +00. Moreover from the construction there exists a

nondecreasing function R defined on R+ such that R(0) — R and suppu(i, •) C

BR{t)(0).
Step 3. End of the proof. If we apply Lemma 3.1 in [0, t] x P2n(t)(0), we get for

í >0,

(3.40) /     f(u(t,x))dx+       /    {A(r,x,u,Du)-Du + B(T,x,u,Du)u}dxdT
Jrn Jo Jrn

< /     f(u0(x))dx.
Jrn
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If B = 0 or if ß = 9 + 1 and M3 < M2 we deduce from (3.40), as in the proof of

Theorem 3.1, the uniform estimate on the energy,

(3.41) sup ess /     f(u(r,x))dx+ /     A(t,x,u,Du) ■ Dudrdx
r>0   Jrn Jo       Jrn

<K f    f(u0(x))dx,
Jrn

where K is a structural constant. If we fix y outside BR+i (0) and set po = \v\ — R,

we get as in Step 1

{x:u(t,x) = 0}DBPl(y)   Vi G [0,Tp] n [0,T],

with fr\(t) = pvo - Mmax(tx,txT1/q-x)p0J-1 with M depending only on the struc-

tural constants and ||uo||¿(m+i)/m(R,N) and T is arbitrary. From the mean value

theorem

Po - P\(t) = y~Pu~\po - Pi(t)) = Mma*(tx,T'lq-xtx)pl-\

where pE (pi(t),p0), so

po-pi(í) = ^max(í\T^-V) (I)'"1.

Moreover suppu(r,-) G BR+po_pirt)(Q). As

1 _ (P±Y = JzL max{t\ Ti/9-AtA}
\PoJ        vpo

we deduce lim|y|^+oo(p0/pi) = lim|î,|_++oo(p0/p) = 1 and

suppu(i,.) c {x:|x| > R+ —max(tx,T1/q~xtx)}

for t < linip—.-i-oo Tp = +oo. In particular we can take t = T and we get (3.38).

REMARK 3.3. When S ^ 0 and ß < q + 1 we do not have the estimate (3.41) so

(3.38) is only valid for t < T < T* with a constant M depending on T. Moreover we

do not know whether the relation (3.37) (which says that the energy of a solution is

locally uniform in RN) is necessary in order to get the finite speed of propagation

of the support of u.

REMARK 3.4. When A(-,-,u,Du) = |Dtt|9-1£>u and B = 0, then the phe-

nomenon described in Corollary 3.1 is already known (see [5, 14, 16, 21, 25] and

[17] for first order quasilinear equations). On the other hand if qm < 1, then the

speed of propagation of the support of u(t, ■) is infinite (see [5, 16, 19 and 32]).

In the next theorem we obtain the localization of the support of u(t, ■) inde-

pendently of t. Such a result is already known for specific first and second order

quasilinear variational inequalities under some assumptions of monotonicity (see

[16, 17 and 20]).

THEOREM 3.2.   Assume that M2 > 0, M4 > 0, o > 0, q > 0, m > 0, c > 0,

0 < /3 < 9 + 1, a = o - ß(o + L)l(q + 1) and M3 < M4 (resp. M3 < M2) if ß = 0
(resp. ß = 9 + 1) or

(3.42) Ms<(m4^±^) (*!+-)
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if 0 < ß < q + 1; we assume moreover that max(<x, 1/m) < 9. If u is a weak

solution of (PE) in R+ x fi with an initial data uo vanishing in BPo(xo), xo G fi,

Po < dist(xo,<9fi), and if u has a finite energy in R+ x BPo(xo) that is j(u) E

L°°(R+,L1(BPo(xo))), uEL"+1(R+ xBP0(x0)) and Du E Lq+1(R+ x BPo(x0)),

then u(t,x) = 0 for almost all (t,x) in R+ x BPl(xo), where

(3.43)

p\=Po--C min (   ,    Ey°l     ;
Pl        P° (è+l)/(9+l)<r<l\r(9+l)-£-l

max((6(po) + c(a»))", (Kpo) + c(po))") max(l, pg) J ,

where C depends on the Mi, N, m, q, a, c and

(3.44) E(p)= / A(r,x,u,Du)-Dudxdr,
Jo      Jbpo(x0)

(3.45) b(p) = supess I f(u(r,x))dx,...,
r>0     Jbp(x0)

r + 00     c

c(p) = /        / \u(T,x)\a+1dxdr,
Jo      Jbp(x0)

(3.46) 7- (£ + 1)(^ + 1)-    -1)

(3.47) v = 1 +

(e+l)(N(q-e) + (q+l)(e + l)Y

((9 + l)(m + 1) + JVm(9 - ff))(^V(9 " e) + e + 1)

(3.48) x = v - 1 +

9(m+l)(7V(9-£) + (£ + l)(9+l))

JV|1 - m<r|((me - l)(g - <r) + (a - e)(m + 1))

(3.49) p = —

(mrr - l)(m + L)(N(q - e) + (9 + l)(e + 1)) '

(l-r)(9 + l)(e + l)

(¿+l)(AT(9-£) + (£ + l)(9 + l))'---'

,   (£-e)(g + l) (q-ë)(N(q-e) + e + l)

9(e + l)(è + l)     9(ê+l)(JV(g-e) + (9 + l)(e + l))

¿n w/i¿c/i formulas we have set e — min(rj, 1/m) and i = max(<r, 1/m).

We first need the following (N + l)-dimensional trace-interpolation estimate.

For the sake of simplicity let QPit = (0, i) x B^xo) and T,Pit = (0, t) x Sp(xo),

(i,p)G[0,+oo]x[0,po].

LEMMA 3.2.   Assume that u E L°°(0,t;L(-m+1^m(Bp(xo))) n LCT+1(Qp,t) and

Du E Lg+1(QPtt), (3.42) being satisfied.   Then u G Lq+1(HPtt) and there exists a

nonnegative constant C = C(N, 9, a, m) such that

(3.50)

MIl«-H(£p,,) <Cmax(l,px) (\\Du\\Lq+i(Qpt) + p? (\\u\\L,+HQpt)

+ supess ||w(r, OIIl^+u/"^^,,)) ) )
0<r<t "J J

x ( IIuIIl-+i(qp,() + supess ||u(t, OIIl^+d/^b^xo)) )
\ 0<T<t /
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where

(3.51) c = -l-    Nmfa-*)        a-        N(q-e) + e + l
(9 + l)(m + l)' /v(g-e) + (e + l)(g + l)'

i  (me-l)(q-a)   |    a - e \ Nq\t-mtr\

K(ma-l)(m + l)     mo-lj (q + l)(N(q - e) + (9 + l)(e + 1))'

where e = min(cr, 1/m) (notice that X = 0 if a — 1/m).

PROOF.  First case: am < 1. Applying Corollary 2.1 yields

(3.53)       Hr,-)\\ÍtlHSplxo))

< Cq^(\\Du\\Lq+ilBp{xo)) +p6\\u(T,-)\\L.„+1{Bp{xo))rq+V

...\\u(~  .\||(l-fl)(9 + l)
llu(7i   )\\l° + 1{Bp(xo))

with

8 = 8(o) = -N{q-°)+}q + l\^l\    9 = 9(o)=        ^"-1)+^±1
(9+l)(a + l) ' v  ;      N(q-o-) + (q+l)(a+iy

From Holder's inequality we have

/   f        \u\q+1dsdr
Jo   Jsp(x0)

\ 0

< (2C)q+1 \ f f        \Du\q+1 dxdr + p^+1> f HJ+i,
\Jo Jb„{x0) Jo

(Bp(xo)) dT

l(Bp(xo))

1-0

dr'

and taking the (9 + l)th root

(3.54)
l/(9+l)\ 6

\\u\\L<,+Hzp,t) < 2C I ||I>«||L,+»(Qp,t) + p6 (£ \H\ltU{Bp{xo)) dr

r   et \  (l-0)/(9+l)

■"[Jo ll«lllt+l(Bp(lo))drj

But on the other hand

0rt \ 1/(9+1)
o   HUllL'+UBP(xo))ary - llUllL-»(0,t;L'+HBP(xo)))llUllL<' + i(Qp,.)   '

Moreover

||w||L«=(0,t;L<' + i(BP(xo)))  ^ (aNPN)*' ~ ll«llL°°(0,t;L<™+1>/"'(B,)(xo)))>

where ajv is the volume of the unit ball in RN ; from Young's inequality we get

/     rt N.   1/(9+1)

(3.55)    Qf IMl£V<s0))drJ < (QN^)(9-)(i—)/(9+D(cr+i)(m+i)

x {lluII.T,°°(0,t.;L<"*+i>/''>(B,)(xo))) + IMU'+'CQp.t)}-
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Combining (3.54) and (3.55) we obtain (3.50) with

_ N(q-o)(l-ma) .    JVm(g - <r)

?       l  j     (9+l)(m+l)(a + l) " (9+l)(m + l)

and

.       (1 - 9(a))N(q - <r)(l - m<r) _ Nq(q - a)(l - mo)

(a + 1)(9 + l)(m +1) (9 + l)(m + l)(N(q -cr) + (q+ l)(e + 1)) '

Second case: am > 1. We apply Corollary 2.1 with a replaced by 1/m and we

get (3.54) with a replaced by 1/m. By interpolation we have

0rt \  1/(9+1)
0   \\U\\?¿W<Bp>x0))dT)

<  ||„||(9-<7)/(9+l) i,    ||(<r+l)/(q+l)
- llUllL<»(0,t;L("'+1)/'"(Bp(xo)))ll"llL''+1(0,t;L(m+1)/m(Bp(xo)))"

Moreover

and we get

1/(9+1)

dr'Of Mia.)/*(B,(«o))

< iw,/ymCT-i)/(m+ix9+i)(3.56) S lQArP   j

X{||ulll,«'(0,t;L('»+i)/m(B/)(Xo))) + ||w||z,<r-l-i(QPi()},

and finally we obtain (3.50) with

c=iS(-)+    Ar(m<T~1) i        Wm(9-<r)

km/      (m+l)(9+l) (9+l)(m+l)

and

=    AT(mcr - 1)     /   _    / JA \ =_JVgQng - 1)_

(m+l)(9+l)V Km))      (q+ l)(N(mq - 1) + (9 + l)(m+ 1))'

Proof of THEOREM 3.2. As in Lemma 3.1, A(-,-,u,Du)-Du, B(-,-,u, Du)u,

\u\tT+1 andu|^(-, -,u,Du)\ belong to L1(QPtt) and for almost allp G (0, po) and t > 0

we have

/ f(u(t,x))dx+ {A(t,x,u,Du) ■ Du +B(r,x,u,Du)u}dxdr
Jbp(xo) JJQp.t

(3.57) +M4 ff     \u\a+1dxdT
JjQp.t

< / /(uo(x))dx+ //      A(t,x,u,Du) ■ Puds dr.
Jbp{x0) JJ^P,t

Moreover, as in the proof of Theorem 2.1, (3.42) implies that there exists M5 > 0

such that

//     {A(t,x,u,Du) ■ Du+B(t,x,u,Du)u + M4\u\"+1}dxdT
JjQp.t

>M5 (A(t,x,u,Du) ■ Du + \u\°+1)dxdT,
JQp,t J
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and from Holder's inequality

//      A(t,x,u,Du) ■ Oudsdr
JJxp,t

<Mi(ff     |£>u|«+1 da dr) Iff     \u\q+1dsdT

As uo vanishes in Bp(xq), we deduce as in Theorems 2.1 and 3.1,

(3.58) Me[E(t,p) + c(t,p)+ f        |u(í,x)|(m+1)/mdx j
V Jbp(xo) )

,,     ,s /FtW \ 9/(9+1)

<MiMr/(9+1)(^(i,p)J \\u\\Lq+H^t),

where E(t,p) is defined in (3.4) and c(t,p) — JfQ ( \u\a+l dxdr. As the functions

E(t,p), c(t,p) and dE(t,p)/dp are nondecreasing with t, (3.58) remains valid if we

replace ¡B (x, |u(i,x)|(m+1'/mdx by

b(t,p) = supess / |u(r,x)|(m+1)/mdx
0<r<t  Jbp(x0)

and MiM2~?/(9+1) by 2MiM2"9/(9+1). Using Lemma 3.2 we get

IÖE \9/(9+l)

b(t,p)+c(t,p) + E(t,p) < M7max(l,pA) i—(t,p)\

(3.59) x (^l/(í+l)(ítp)+pf(fem/(m+l)(fjp) + cl/(a + l)(í)p)))í

x(bm/{m+1\t,p) + c1/^+1\t,p))1-9,

where M-¡ depends on Mi, M2, M3, M4, N, 9, o, m, c and ß. If we set d(t,p) =

b(t, p) + c(t, p) and d(p0) = b(p0) + c(p0), we get

6m/(m+1)(i,p) + c1/(CT+1)(£,p) < d(i,p)m/(m+1) + d(i,p)1/(<T+1)

< 2max(d(p0)-/('"+1),(i(po)1/(CT+1)) (^Z^

as d(t,p) < d(po) and l/(e + 1) = min(m/(m + 1), l/(o + 1)). Finally we obtain

(3.60) 6m/(m+1)(i,p) + c1/(a+1)(i,p) < tf0d1/(e"+1)(f.P)

with
Ko = 2max(d(po)1/(CT+1)-1/(ê+1),d(p0)m/(m+1)-1/(£"+1)).

We deduce from (3.60) that

Ell^x\t,p)(bm^m+l\t,p)^cl'(a+l\t,p)fl-^le

+ pf (&W(m+l) (Í, p) 4. Cl/(-+D(i, p))V«

is smaller than

max^^-^Xl^^



LOCAL VANISHING PROPERTIES 809

As in Theorems 2.1 and 3.1, for any r G [0,1) we have

(3.61) E1^+1\t,p)a1-e^ê+1\t,p) + pid1^e+1\t^)

<2p^K11/6max(i,pöi)(E(t,p) + d(t,p))^q^+^-e^+1\

where we have set

(3.62) Ki = max(d(oo,p0)(1-^(1-e)/(g+1),d(oo,po)(1-T(1^e))/(£>1)-e/(9+1)).

Hence E satisfies the differential inequality

(3.63) El + (l-e)/q-T(l-e)(q+l)/q(i+l)rtip)  < K2pce(q+l)/q^{tp)^

with K2 = (4ffiM7max(ifo,íí:o1_e)max(l./9o~?0))(9+1)/'í- Integrating (3.63) be-

tween pi and po yields if t > (e + l)/(9 + 1),

_K2<l(£+1)_   (Eil-e)(r(q+l)-i-l)/q(ë+l)(t )
(í-9)(r(q + í)-e-í)\E {t'P0)

(3.64) _£(i-0)(r(9+i)-¿-i)/9(£+i)(í)/9l)j

i 9 (   l-c9(l + l/q) W0(l + l/9h
-9-C0(9+l)(Po ~Pl h

Hence if

(3.65)
l-Ç0(l + l/9) <     1-^0(1 + 1/9)

PI ^ Po

_      K2q(q - c9(q + 1))      E(i-e)(r(q+i)-è-i)/Q(ê+i)(f     *
{l_e)(r(q+l)-è-lf [t'P0>

we have E(t, pi) = 0. As E(t, po) < E(p0) we deduce that E(t, pi) =0 for any í > 0

if pi satisfies (3.65) with E(t,po) replaced by E(po) and from (3.63) u vanishes in

BPl (xo) x [0, +oo). If we compute the exponents we get

l-ço(l + -) =i+(i + m+1 + Nm(q-(T^ (       N(q-e)+e + l

q) \ q(m + L) J \N(q-e) + (e + l)(q + l

(1 - 0)(r(g + 1) - ë - 1) _ (e + l)(r(9 +!)-£-!)

(A - C0) ( 1 + q

q(e + 1) " (I + l)(N(q - e) + (9 + l)(e + 1))

t

1i

ii M !Y (m£-i)(g~g) | <t-£
9/ I \(m<T ~~ l)(m + 1)      mo — 1

N»\l-ma\
x

(q+l)(N(q-e) + (q+l)(e+l))

((m + 1)(9 + 1) + Nm(q - cr))(N(q - e) + e + 1)

(m+l)(9+l)(iV(9-£) + (e + l)(g+l))

As

max^tfo1"0) = max(l,d<e"-e>/<e+1><e"+1>(oo,po))
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and

Kimax(K0,K^-e)

= max(d(1-^(1-e)/(¿+1)(oo,po),d1/(£+i)-r(i-0)/(¿+i)-0/(9+i)(oO!/9o))

and we get (3.43).

REMARK 3.5. If the energy of u in R+ x Bpo (xq) is not too large, then pi > 0 and

there truly exists a cylinder R+ x BPl (x0) where u is a.e. zero. On the opposite, if u

has not a finite energy in R+ x BPo (xq) we just obtain a finite speed of propagation

for the nonvanishing set of u in R+ x Bpo(xo)- Moreover if we know a priori that

u is bounded in R+ x BPo(xo), the hypouheses on a and ß can be relaxed as in

Remark 3.2.

COROLLARY 3.2. Assume that u is a weak solution of (PE) in R+ x RN

satisfying (3.37) such that j(u) E C°(R+; L¡oc(RN)) and that M2 > 0, M4 > 0,
a > 0, q > 0, m > 0, c> 0, 0 < ß < q +1, a = a -ß(a+ l)/(q + 1) and M3 < MA
(resp. M3 < M2) ifß = 0 (resp. ß = q + 1) or (3.42) ifO < ß < q + 1, and assume

also that max(er, 1/m) < q. If the initial data uq of u vanishes outside BR(0), then

there exists Ri > Ro depending on the structural constants and ||uo||¿(m+i)/m(RN)

such that for any t > 0 u(t, ■) vanishes a.e. outside BRl(0).

PROOF. As in Corollary 3.1 we first notice that the support of u has a finite

speed of propagation. If we apply Lemma 3.1 in (0,i) x ßp(0) we get (3.57) and if

p goes to +00 we obtain

/     f(u(t,x))dx
Jr.n

+ /    /     {A(t,x,u,Du) ■ Du + B(t,x,u,Du)u + C(t,x,u)u}dxdr
Jo Jrn

<
'R

which implies (with (3.42)) the energy estimate

f + OO

/     /(u0(x))(ix,
Jrn

is (with (3.42)) th
/■ /--I-00      r

sup ess /     f(u(r,x))dx+ /     {A(t, x, u, Du) ■ Du+ \u\a+1}dxdT

(3 66) T-°

<C f    f(u0(x))dx,
Jrn

where C depends on the structural constants. We now fix xo outside BR+i(0), po =

\xo\ — R and apply Theorem 3.2 in Bpo(xo): there exists a constant K depending

on C and ||wo||L(m+1>/'"(R'v) such that u is zero a.e. in R+ x BPí(xq), where

(3.67) PÏ^Puo- Kp%.

But
N\l- m<r|((me - l)(q - o) + (a - e)(m + 1))

V~X~ (ma-l)(m + l)(7VT(9-e) + (9 + l)(£ + l)) '

If we compute we get

(3.68) v - x =

Í (cr+l)(mN(q-<T) + (q+l)(m + l)) ,f<}_

(m + l)(N(q-a) + (q+l)(tT+l)) ° ~ m'
ATm(9-g) + (g+l)(m+l) j_

ÏV(mq-l) + (q + i)(m+l) m
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So in both cases v — \ > 0 and pi > 0 as soon as po > if1/^*). Hence u(t, ■)

vanishes a.e. outside BR+Ki/^-X)(0).

REMARK 3.6. As in the elliptic case we can relax the hypotheses of continuity

on r t—► C(r,x,r) in order to treat some variational inequalities (rr = 0). Our results

are also valid when there is a unilateral constraint on u such as

u > 0    in fi,

—i¡j(u) — div A(t,x,u, Du) + B(t, x,u, Du) > f

in the following weak sense:

(3.70)   /        /  <A(s,x,u,Du)-Dç + B(s,x,u,Du)ç-ip(u(s,x))-^-\dxds

>  / ip(uo(x))ç(0,x)dx+ /      /  fçdxds
Jn Jo    Jn

for any ç E Cg°(R+ x fi), c > 0. In order to obtain the results of Theorem 3.1 we

just have to suppose / < 0 a.e. and the results of Theorem 3.2 f < —e a.e., where e

is a fixed positive constant, and M3 small enough (see [13] for results on parabolic

variational inequalities involving the maximum principle).

4. The interpolation-trace lemma. For the sake of simplicity we restrict

ourselves to v G C1(G) since Cl(G) is dense in Wl'q+l(G). The proof of Lemma

2.2 is divided onto four steps (see [9, Appendix] for a similar result).

First step. From a result of [26, p. 45], for any e > 0 there exists Ce > 0 such

that for any v E C1(C7) the following holds:

(4.1) IMIls+ug) < £\\Dv\\Lq+i{G) + Ce\\v\\La+iiG).

If we set C2 = max(l + £,C£|G|1-1/(CT+1)) we get

(4-2) N|wi.«+i(G) ̂  C2(||IMU*+i(G) + IMIl'+MG))-

Second step. We start from the elementary trace result [1]: there exists C3 > 0

such that for any u E CX(G) we have

(4-3) ||w||x,i(ac?) < C3||u||n/i,i(G),

and for q > 0 we apply (4.3) to u — v\v\q, v E C1(G), so

/    \v\q+1dcj<C3 ((9 + 1) / \v\q\Dv\dx+ f \v\q+1dx
JdG I Jg Jg

Since

/  \v\q\Dv\dx< \\Dv\\Lq+HG)\\v\\qL9+HG)
J G

we get

v\q+1 do < C3{(q + l)||D«||L,+1(G)||t;||«,+1(G) + \\v\\l+qlHG)h
JatIdG

which implies

(4-4) \\v\\Lq+i(dG) < ((9 + 1)C3)1/^+1)||HI^/^)(g)IIwIIÄgV
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Third step. Set 0 < o < q < oo. We claim that there exists a constant C4 > 0

such that for any v E C1(G) we have

(4 5) lldl r   J.,,^ < C |U,||((9+1)Ö-1)/9||    ,|(9+l)(l-0)/9

Case 1.   Assume q + 1 < N.   From Sobolev's inequality we have |M|i,r(G) <

C||u||iyi,«+i(G) with l/r = 1/(9 + 1) _ l/N. Moreover

(4-6) NIl<+i(G)<II<7(g)IMI¿<>+i(g)>

where 1/(9 + 1) = X/(o + 1) + (1 - A)/r, that is

A = (9 + l)(a + L)/N(q - a) + (q + l)(<r + 1).

Hence with Sobolev's inequality

(4-7) IMIl,+i(G) < C1-x\\v\\fra+HO)\\v\\l.+liaj%
and

!      A_ N(q-o) (9+1)0-1 (g + 1)(1 - g)
7V(9-<7) + (9+l)(a + l)- 9 ' 9

Cose 2. Assume g + 1 > JV > 1. We set a = (JV + l)/2, p = 2(9 + l)/(N + 1),
ß = (a + 1)(JV + l)/2(g + 1) and a* = aiV/(iV - a) (a* = 00 if N = 1). From

Holder's interpolating inequality we have

(4-8) ll«IU«(G) < NI¿».A(G)||u||¿/i(G),

where 1/q = (1 - \)/a* + X/ß ((4.8) is valid even if 0 < ß < 1 with a simple change

of function). From Sobolev's inequality we get

(4-9) NIl«(G) < C5llu||¿¿iAQ(G)||u||¿0(G).

Now we set u = v\v\p~l and we have

Nl-(g) = N¿«„(G) = I|v|1m+i(g).

\Hlhg) = \H%p{g) = Nl-+i(g)'

H«lllVi.-(G) = IM|PL,+MG) + (^jG(p\v\p-l\Dv\rdx^

and

f(\v\p-l\Dv\)adx<(f\v\apdx\ (f\Dv\apdx)      ,

which yields ||u||iyi,°(G) < pIMIl7+i(G)IMIw1'«+1(G) anc^ ̂ "^ becomes

(4.10) IMIL,+1(G) < ̂ -NlwIlfcîJ^V^H^Ii^^^ll^llîr+Mo)-
If we compute the exponents we get

1-A JV(9-(j) _ (9 + 1)0-1

Ap+l-A ~ (q+l)(cT + lj+N(q-o) ~ q

and
Ap (9 + 1)^+1) =(9 + l)(l-0)

Ap+l-A      N(q-tj) + (q+l)(o-+l) q

which is (4.5).
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Fourth step. End of the proof. We use (4.4) and (4.5) and get

(4.11) NIM&5 < C7\\v\Cq^\G)\\vt^

where 0 = N(q - o) + o + l/N(q - o) + (9 + 1)(<t + 1); using (4.2) yields finally

(4.12) IM|L,+i(aG) < C(||z?u||L,+i(G) + ||^||l'+i(g))0I|v||l7+i(G).
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